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MOTIVATION

MOTIVATION:
▸ Next generation surveys plan to probe ultra-large 

distances. 

▸ Opportunity to test GR in entirely new physical scenarios! 
 

▸ Horizon scales? 



MOTIVATION

▸ Unfortunately GR is non-linear - different k-modes can 
couple to each other. 

▸ Whilst back-reaction is (mostly) thought to be a small 
effect, it is unclear to what extent complicated short-scale 
non-linear dynamics in a highly locally inhomogeneous 
universe can affect long wavelength perturbations…  
 
 
                                       
                                             is NOT 



MOTIVATION

BUT…

▸ Cosmological perturbation theory is ill-suited for 
describing non-linear density contrasts… 
 

▸ δ ~ 1 is typical  
 on short scales!  
 
  ( < 100 Mpc )



MOTIVATION

HOWEVER…
▸ Cosmological perturbation theory is not the only type of 

perturbative expansion that’s used in GR. 

▸ Post-Newtonian theory is well adapted for describing non-
linear density contrasts on length scales below 100 Mpc!



MOTIVATION

QUESTION? 

▸ Since in the real universe, we find non-linear structures on short 
scales, can we… 

▸ Describe non-linear fluctuations on these scales                
(<100 Mpc) using post-Newtonian gravity, whilst we… 

▸ Retain a linear cosmological perturbation theory description 
of the long wavelength universe? 

▸ Investigate the effect that short wavelength non-linear 
density contrasts have on long-wavelength perturbations?



MOTIVATION

ANSWER - YES!

▸ Remember this? 

▸ We can use a 
two parameter 
expansion,  
treating one side  
using CPT and  
the other using  
PNG.



POST-NEWTONIAN EXPANSIONS VS COSMOLOGICAL PERTURBATION THEORY

WHAT’S THE DIFFERENCE BETWEEN THESE TWO PERTURBATIVE EXPANSIONS?

▸ Post Newtonian Gravity is a weak field, slow-speed 
approximation to GR. 

▸                

▸ Sizes of other quantities in the expansion can then be 
worked out by looking at the geodesic and field 
equations. 

▸ For example: 



POST-NEWTONIAN EXPANSIONS VS COSMOLOGICAL PERTURBATION THEORY

▸ On the other hand, cosmological perturbation theory takes 
all metric and matter perturbations to have the same order 
of smallness: 

▸ Notice that we include length scales so as to ensure that we 
are comparing dimensionless quantities!  

▸ VERY IMPORTANT FOR COMPARING SIZES LATER ON!



HOW IT WORKS…

HOW DOES THIS “TWO-PARAMETER” STUFF WORK THEN?

▸ Step 1: Postulate the existence of a global FLRW solution and describe 
matter as a single perfect fluid. 

▸ Step 2: Expand all quantities as follows: 
 

▸ Step 3: Churn! 

▸ Step 4: Apply extra orders of smallness on time derivatives acting on 
Newtonian quantities. 



HOW IT WORKS…

BUT…???

▸ We currently can’t produce a hierarchy of equations to be 
solved order by order because we have no way of 
comparing the sizes of terms perturbed in different 
parameters! 

▸ To do this - we must relate both the length scales and the 
smallness parameters!



HOW IT WORKS…

▸ We can now translate all the “ε”s into “η”s and all the “LC”s 
into “LN”s - and order the equations in powers of η! 

▸ Let’s see how this works in practice with a few examples. 

▸ First consider cosmological type terms:



HOW IT WORKS…

▸ How is it different for the post-Newtonian terms?  
 
 
 

▸ Critically, spatial derivatives of post-Newtonian are larger.



HOW IT WORKS…

▸ What about “cross products”?  

▸ We refer to these as “mixed order” terms: 

▸ Initial ansatz was that these should enter at the same order as 
the smallest cross product between post-Newtonian and 
cosmological perturbations. 
 
                                                                         ??? 

▸ How should we treat derivatives of these kinds of objects? The 
LARGEST they could possibly be would be if they followed the 
same counting scheme as post-Newtonian quantities.  
                                                                        



GAUGE XFMS

▸ Unfortunately, things aren’t quite as simple - it turns out 
that arbitrary gauge transformations generate larger 
objects:



PESKY GAUGE STUFF…

TWO-PARAMETER GAUGE XFMS

▸ Turns out we can define a two-parameter gauge xfm in a 
relatively simple fashion. 

▸ A general gauge xfm is defined by the following 
equations:



PESKY GAUGE STUFF…

▸ Therefore - all we need to do is perform a two-parameter 
expansion on the gauge generators:  
 
 
 

▸ We can then proceed as normal - identifying useful gauge 
invariant combinations, and writing the field equations in terms 
of those quantities. 

▸ (N.B. Turns out the only gauge that seems applicable in both 
sectors concurrently is the two-parameter longitudinal gauge…)



WHAT IT LOOKS LIKE:



LEADING ORDER

▸ The leading order field equations are  
 
 
 
 

▸ After averaging these over a homogeneity scale volume, 
and assuming the condition: 
 
                                                                                          100Mpc?



LEADING ORDER

▸ We obtain… 
 
 
 
 

▸ and… 
 

▸ It’s important here that the inhomogeneous part of the density 
contrast is the same size as the homogeneous part! This dispenses 
with the notion of a background that is larger than perturbations and 
allows the density contrast to be of order 1!



SUB-LEADING ORDER

▸ We have at sub-leading order: 

▸ and… 
 
 
 
where UM is the first gauge-generated “mixed” order contribution, 
and Bi is the first post-Newtonian vector potential.  

▸ This vector equation is the same as that found by Bruni, Thomas 
and Wands in the “post-Friedmann” approach. 

▸ May explain the unexpectedly large average values of induced 
second order vector modes. (Natural result in this formalism…)



COSMOLOGICAL ORDER 

▸ At the first order in cosmological perturbations, O(η4LN-2), 
we obtain:



COSMOLOGICAL ORDER

▸ In these equations, we can directly see the effect of small 
scale non-linear structure on long wavelength fluctuations. 

▸ Effects can be characterised in three ways: 

▸ Effective fluid - quadratic (and higher order) products 
of leading order terms, acting as sources. 

▸ Mode mixing - Scalar, vector and tensor modes no 
longer decouple in a trivial way. 

▸ k-mode coupling - Leading order Newtonian 
quantities as inhomogeneous coefficient functions for 
cosmological quantities.



EFFECTIVE FLUID TERMS

The effective fluid quantities can all be constructed from the solutions to the leading order equations. 



NON-LINEARITIES

▸ Conservation of the Einstein constraint equations implies that the 
evolution of the leading order density contrast satisfy the familiar 
Euler and continuity equations (given here in the pressure-free 
case): 

▸ These conservation equations contain the short-scale non-
linearities we’re looking for!



HIGHER ORDERS ARE BETTER NOT WORSE!

▸ Do the non-linearities get worse at higher order? 

▸ NO! 

▸ This is the evolution equation for the mixed order contribution 
to the density contrast. It is strictly linear in unknown functions! 

▸ This is a generic feature - the higher order equations are linear 
- we only have to solve non-linear equations at leading order! 

▸ Higher order conservation equations in arXiv:1807.01655



THE FUTURE…

NICE. BUT WHAT CAN WE DO WITH THIS?

▸ Standard perturbation theory (SPT) or simulations can 
provide Fourier space solutions to the non-linear leading 
order equations in terms of integral kernels: 
 
 

▸ Using these, we can calculate approximations to solutions 
of the higher order equations by just solving linear 
equations.



POWER SPECTRUM/BISPECTRUM CORRECTIONS

▸ In the so-called “quasi-linear” regime, we can employ an expansion in the initial 
density field δ(1) which itself is ε-small.

▸ The leading order corrections to 
 
  
can then easily be calculated in Einstein de-Sitter, using the leading order 
solutions for the short-scale density contrast and long-scale velocity, given the 
assumption that the linear solution to this equation (which is a constant) 
vanishes by initial conditions. 

▸ It manifests as a modification to the integration kernel, and does not contribute 
to the leading order corrections to the power spectrum (given Gaussian initial 
conditions). 

▸ However it does have a non-zero contribution to the leading order part of the 
intrinsic bispectrum! This effect is outside the scope of standard perturbation 
theory.



CONCLUSIONS

▸ Two-parameter perturbative expansions are an interesting 
tool for trying to describe physics occurring on two 
characteristic scales at the same time and for exploring 
how physics at one scale could affect things at another. 

▸ They may prove to be essential tools for creating the truly 
realistic inhomogeneous cosmological models needed to 
model large scale structure. 

▸ Thank you for listening!


