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Abstract

Molecular dynamics simulations were performed to determine the isotope effect on diffusion in SiO2 and MgSiO3 liquids.

The influence of an element’s atomic mass on its diffusivity can be expressed in terms of the empirical relation D1

D2
¼ m2

m1

� �b
. For

Si, b has a value of �0.05 in both SiO2 and MgSiO3 liquids, and is independent of pressure. The exponent b for Mg in MgSiO3

is larger, 0.135 at 1 atm, and decreases with pressure, to 0.084 at 50 GPa. Varying the mass and concentration of an isotope of
one element is also found to have a significant influence on the diffusivity of other elements, due to the cooperative motions of
the many atoms that are involved in diffusion. Interdiffusion between basaltic and rhyolitic magmas is inferred to be capable
of producing isotope fractionations of tenths of per mil in Si, and tens of per mil in Mg. Significant diffusive fractionation of Si
and Mg isotopes is also possible during the growth of olivine phenocrysts, if the growth rate is on the order of cm/yr or faster.
� 2012 Elsevier Ltd. All rights reserved.
1. INTRODUCTION

Isotopes may be fractionated in magmatic systems both
by equilibrium and kinetic processes. Equilibrium fraction-
ation of isotopes between minerals and coexisting melt
decreases rapidly with increasing temperature, and is gener-
ally quite small at magmatic temperatures. Kinetic separa-
tion of isotopes by diffusion through the melt, on the other
hand, is not strongly temperature dependent and persists
even at very high temperatures where equilibrium fraction-
ation becomes negligible.

Diffusive separation of isotopes in the melt can be in-
duced by a temperature gradient, as has been observed
experimentally (Kyser et al., 1998; Richter et al., 2008,
2009; Huang et al., 2010) and hypothesized to occur in
magma chamber zone-refining processes under certain con-
ditions (Lundstrom, 2009). The physical mechanism for
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thermal isotope fractionation in silicate melts is not defi-
nitely established, but in general the behavior is consistent
with results for simple hard sphere systems, where separa-
tion of isotopes results from elastic collisions and is due
to the greater momentum of the heavier isotope, which al-
ways becomes enriched on the cold side of the temperature
gradient (Lacks et al., 2012).

Isotope fractionation in magmas can also be induced by
a gradient in chemical potential (Tsuchiyama et al., 1994;
Richter et al., 1999, 2003; Watson and Müller, 2009). In this
case the separation of isotopes is due to the mass depen-
dence of their mobility: a heavier isotope diffuses more
slowly, and will therefore lag behind a lighter isotope of
the same element as both diffuse down the chemical poten-
tial gradient. Chemical potential gradients develop in a
wide range of igneous processes – e.g. due to crystallization,
recharge and mixing in magma chambers; partial melting
and melt–rock reaction in the mantle; and chemical ex-
change between metal and silicates during core formation.
Isotope fractionation by diffusion through the melt there-
fore may be important across a broad range of conditions,
in cases where full chemical equilibrium is not achieved, if
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the mass dependence of diffusivity is sufficiently large.
Furthermore, it should be possible in many cases to use
the observed fractionation of isotopes as a tool to deter-
mine the rates of these magmatic processes, provided that
we know the difference in diffusivity of the isotopes at the
conditions of interest.

The isotope effect on diffusion in silicate melts has been
determined experimentally for only a few elements in a few
compositional systems, at low pressures (Richter et al.,
1999, 2003, 2008, 2009; Watkins et al., 2009, 2011). The
dependence on mass is commonly expressed in the form:

D1

D2

¼ m2

m1

� �b

ð1Þ

where D1 and D2 are the diffusivities of two isotopes of
the same element, with masses m1 and m2, and b is an
empirical scaling exponent (Richter et al., 1999; Watson
and Baxter, 2007). The form of this equation is based on
the kinetic theory of ideal gases, for which simple scaling
relations show that molecular diffusion scales with molecu-
lar mass as described by Eq. (1), with b = 0.5. In silicate
melts, diffusivity has been found to be both much less sen-
sitive to the mass of the isotope than in an ideal gas and
highly variable, with values of b in the range �0.02–0.2
for the small number of systems that have been investigated
to date. In general, cations that diffuse rapidly relative to Si
are found to have larger values of b than those that diffuse
slowly (Watkins et al., 2011). This relationship has been
suggested to result from the degree of coupling between
the cation and the silicate network; cations that are tightly
bound to the network diffuse more slowly and with smaller
mass selection because of their larger effective mass (Wat-
kins et al., 2011).

Molecular dynamics (MD) simulations can provide
important insight into atomic transport in liquids, and are
especially well suited to the study of the isotope effect on dif-
fusion. A particular advantage of MD simulations is that
the mass and concentration of an isotope can be varied with
all other parameters remaining precisely the same. This
makes it possible to investigate how changing the mass
and/or concentration of an isotope influences the diffusivi-
ties of other atoms in the system, due to their cooperative
motions. In principle this could also be done in diffusion
couple experiments, by changing the mix of isotopes used
in different experiments, but in practice it is not possible to
control the conditions or to determine the diffusion coeffi-
cients with enough precision to be able to resolve these small
effects by comparing results from separate experiments.

Molecular dynamics simulations have been used to
study the isotope effect on diffusion in simple monatomic
(e.g. Kluge and Schober, 2000) and binary (Schober,
2001) Lennard–Jones liquids, liquid MgO (Tsuchiyama
et al., 1994), and water (e.g. Bourg et al., 2010), but to
our knowledge no previous study has been published on sil-
icate liquids. The influence of pressure has been explored in
monatomic Lennard–Jones liquids, where it has been found
to reduce the mass dependence of diffusivity because diffu-
sion in denser fluids is a more cooperative process that in-
volves a greater number of atoms (Kluge and Schober,
2000). Silicate liquids are far more complicated than
monatomic Lennard–Jones liquids because they have open
polymerized structures that (1) collapse under increasing
pressure, and (2) are modified by the addition of compo-
nents such as MgO. These structural changes are known
to have a strong influence on melt diffusivities and viscosity
(e.g. Giordano and Dingwell, 2003; Lacks and Van Orman,
2007; de Koker et al., 2008; de Koker, 2010). To elucidate
their influence on the isotope effect we performed simula-
tions over a range of pressures, from 1 atm to 50 GPa, on
both SiO2 and MgSiO3 liquids.

2. METHODS

The molecular dynamics simulations are carried out in
an orthogonal simulation cell containing 2160 atoms, with
periodic boundary conditions in all three dimensions. The
simulations are run at constant-volume conditions corre-
sponding to the volume at the pressure of interest; a preli-
minary constant-pressure simulation is used to determine
the volume. The atomic interactions are based on the van
Beest–Kramer–van Santen (BKS) potential for silica (van
Beest et al., 1990), modified in two ways. First, a steep
repulsive wall that is significant only at very short inter-
atomic distances is added (Saika-Voivod et al., 2001), which
is necessary because the short range repulsion in the BKS
potential has a finite height that can be overcome in simu-
lations at high temperatures. Second, the non-coulombic
potential is truncated at 5.5 Å and shifted in energy such
that the energy is continuous at this cutoff distance (Vollm-
ayr et al., 1996), which leads to densities in better agreement
with experiment. Coulombic interactions are summed by
the Ewald method. The potential parameters are identical
to those used by Lacks and Van Orman (2007) in simula-
tions of a broad range of liquids in the MgO–SiO2 system,
which produce transport properties that are in good agree-
ment with first-principles MD simulations (e.g. de Koker
et al., 2008). The simulations were performed using several
different codes — an in-house code, LAMMPS (Plimpton,
1995) and GROMACS (Hess et al., 2008). Consistent re-
sults were obtained in all cases.

To determine the diffusivities with sufficient precision to
extract information on the isotope effect, the simulations
must be carried out at high temperature and with an artifi-
cially large mass contrast between isotopes of the same ele-
ment. All simulations are carried out at either 4000 or
4500 K, and the masses of the heavy isotopes are larger
than those of the “normal” isotopes by a factor of 2–10.
Similarly large mass differences have been used in MD sim-
ulations that address the isotope effect on diffusion of sol-
utes in water, and the results are found to be in good
agreement with experiment (Bourg et al., 2010).

In most of the simulations presented here, a fraction of
the Si, Mg and/or O atoms are given a mass 2–10 times
greater than their normal mass (mSi = 28 g/mol, mMg = 24
g/mol, mO = 16 g/mol). Control simulations, in which all
atoms have normal masses, were also performed at most
pressures and temperatures. The diffusivity for species i is
determined from the Einstein equation,

Di ¼
hDriðtÞ2i

6t
ð2Þ
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where <Dri(t)
2> is the mean-squared displacement of atoms

of type i at time t. Most of the simulations were run for long
times, up to 200 ns (108 time steps), to obtain precise esti-
mates of the diffusion coefficients. Each simulation was di-
vided into 20 equal time segments and the standard
deviation of the mean value was taken as an estimate of
the error. The diffusion coefficients determined in this study
are self-diffusion coefficients. Each simulation considers a
single homogeneous liquid composition (i.e. there are no
chemical gradients in the simulation cell).

3. RESULTS AND DISCUSSION

Simulation results for liquid SiO2 and MgSiO3 are sum-
marized in Tables 1 and 2, respectively. These tables include
only data that were obtained from long simulations, of 100–
200 ns duration, in which the diffusivities were determined
with high precision.

The relationship between isotope diffusivity and isotope
mass can be examined in terms of Eq. (1), where the mass
sensitivity is given by b = ln(DL/DH)/ln(mH/mL). We find
no resolvable dependence of b on temperature or on the
proportion of heavy isotopes in the simulation cell, up to
28% (Fig. 1), and therefore consider together simulations
with different isotope compositions, at 4000 and 4500 K,
to determine the weighted mean value of b for each element
at each pressure. These weighted mean values are summa-
rized in Table 3. For Si in SiO2, b = 0.055 ± 0.005 at atmo-
spheric pressure. This value is in reasonable agreement with
the analogous experimental determination for diffusion of
Ge isotopes in GeO2, where b is constrained to be less than
�0.05 (Richter et al., 1999). The mass dependence of Si iso-
tope diffusion does not appear to be sensitive to melt com-
position, as the b values in MgSiO3 are within error of the
Table 1
SiO2 liquid results. All simulations were performed with 2 fs step interv
normal mass (16 amu).

T (K) P (GPa) mSi,H/mSi,N xSi,H

4500 0 – 0
4500 0 2 0.014
4500 0 2 0.069
4500 0 2 0.28
4500 0 4 0.014
4500 0 4 0.069
4500 0 4 0.28
4500 0 10 0.014
4500 0 10 0.069
4500 0 10 0.28
4000 0 – 0
4000 0 4 0.069
4000 0 4 0.28
4500 10 – 0
4500 10 4 0.28
4000 20 – 0
4000 20 4 0.069
4000 20 4 0.28
4500 40 – 0
4500 40 4 0.28
value in SiO2. Also, bSi does not vary significantly with
pressure in either SiO2 or MgSiO3 (Fig. 2), despite substan-
tial changes in density, melt structure and transport proper-
ties over the pressure range we studied (Lacks and Van
Orman, 2007).

The mass dependence of Mg diffusion is significantly lar-
ger than for Si, with bMg = 0.135 ± 0.008 in MgSiO3 at
atmospheric pressure. This value is somewhat higher than
the value bMg = 0.05 found by Richter et al. (2008) in chem-
ical diffusion experiments using basalt–rhyolite diffusion
couples, but similar to the value bMg = 0.1 found by Wat-
kins et al. (2011) in chemical diffusion experiments using al-
bite–diopside couples. The mass dependence we find for Mg
self-diffusion at 1 atm also is not very different from the va-
lue bCa �0.05–0.1 found for Ca in self-diffusion experiments
with CaO–Al2O3–SiO2 melts (Richter et al., 1999). In
contrast to Si, the mass dependence of Mg self-diffusion
in our simulations decreases significantly with pressure,
becoming closer to the value for Si as pressure increases
(Fig. 2).

In simple monatomic Lennard–Jones liquids, the mass
dependence of isotope diffusion has been found to decrease
with increasing pressure (Kluge and Schober, 2000). This
behavior was explained in terms of the greater cooperativity
of the motions involved in diffusion at high pressures – the
denser the liquid, the larger the number of neighboring
atoms are needed to move cooperatively to allow a diffusive
jump. Silicate liquids are different from simple Lennard–
Jones liquids in that they have open, but relatively strong,
silicate network structures at low pressures. At higher pres-
sures the network structure gradually collapses and the li-
quid adopts a denser, more close-packed structure (Lacks
and Van Orman, 2007; de Koker et al., 2008; de Koker,
2010). These structural changes occur gradually over
al and 5 � 107 to 1 � 108 timesteps, with all oxygen atoms having

DSi,N DSi,H DO

(10�9 m2/s) (10�9 m2/s) (10�9 m2/s)

1.545 ± 0.007 – 2.104 ± 0.010
1.545 ± 0.007 1.523 ± 0.041 2.104 ± 0.010
1.528 ± 0.010 1.477 ± 0.024 2.086 ± 0.005
1.491 ± 0.014 1.448 ± 0.014 2.038 ± 0.007
1.535 ± 0.006 1.430 ± 0.041 2.098 ± 0.009
1.516 ± 0.009 1.418 ± 0.036 2.071 ± 0.007
1.440 ± 0.006 1.337 ± 0.012 1.949 ± 0.009
1.536 ± 0.008 1.334 ± 0.035 2.092 ± 0.005
1.496 ± 0.006 1.318 ± 0.015 2.032 ± 0.005
1.340 ± 0.005 1.174 ± 0.011 1.799 ± 0.005
0.372 ± 0.006 – 0.537 ± 0.007
0.365 ± 0.005 0.338 ± 0.007 0.531 ± 0.003
0.343 ± 0.003 0.319 ± 0.005 0.496 ± 0.004
4.626 ± 0.053 – 5.977 ± 0.044
4.324 ± 0.024 4.029 ± 0.030 5.531 ± 0.021
3.181 ± 0.053 – 4.035 ± 0.078
3.101 ± 0.037 2.882 ± 0.077 3.964 ± 0.021
2.952 ± 0.022 2.740 ± 0.034 3.720 ± 0.017
3.909 ± 0.024 – 4.730 ± 0.035
3.618 ± 0.015 3.400 ± 0.018 4.367 ± 0.012



Table 2
MgSiO3 liquid results. All simulations were performed at 4000 K with 2 fs step interval and 5 � 107 to 1 � 108 timesteps, with all oxygen
atoms having normal mass (16 amu).

P (GPa) mSi,H/mSi,N mMg,H/mMg,N xH DSi,N DSi,H DMg,N DMg,H DO

(10�9 m2/s) (10�9 m2/s) (10�9 m2/s) (10�9 m2/s) (10�9 m2/s)

0 – – 0 5.945 ± 0.029 – 25.50 ± 0.17 – 8.051 ± 0.009
0 1 4 0.116 5.871 ± 0.043 – 24.951 ± 0.081 20.676 ± 0.222 7.897 ± 0.011
0 1 4 0.231 5.702 ± 0.024 – 24.397 ± 0.104 20.219 ± 0.152 7.735 ± 0.010
0 4 1 0.116 5.866 ± 0.041 5.452 ± 0.081 25.293 ± 0.146 – 7.881 ± 0.020
0 4 4 0.116 5.730 ± 0.017 5.393 ± 0.066 24.837 ± 0.094 20.642 ± 0.216 7.737 ± 0.039
25 – – 0 4.072 ± 0.026 – 9.6 ± 0.056 – 5.653 ± 0.009
25 1 4 0.116 4.003 ± 0.015 – 9.372 ± 0.027 8.040 ± 0.09 5.581 ± 0.015
25 1 4 0.231 3.943 ± 0.024 – 9.011 ± 0.072 8.106 ± 0.027 5.483 ± 0.019
25 1 4 0.5 3.752 ± 0.014 – 8.630 ± 0.067 7.653 ± 0.039 5.284 ± 0.013
25 4 1 0.116 3.984 ± 0.026 3.640 ± 0.069 9.422 ± 0.074 – 5.560 ± 0.020
25 4 4 0.116 3.948 ± 0.018 3.732 ± 0.016 9.245 ± 0.044 8.076 ± 0.083 5.439 ± 0.017
25 4 4 0.25 3.762 ± 0.012 3.551 ± 0.040 8.700 ± 0.057 7.667 ± 0.044 5.238 ± 0.015
50 – – 0 2.240 ± 0.014 – 5.10 ± 0.03 – 2.985 ± 0.009
50 4 4 0.116 2.140 ± 0.018 2.0005 ± 0.033 4.909 ± 0.035 4.371 ± 0.040 2.880 ± 0.009

Fig. 1. Diffusivity of silicon isotopes in liquid SiO2 as a function of
the mass of the isotope, at 1 atm and 4500 K. The circles represent
simulations in which heavy Si atoms comprise 1.4% of the Si atoms
in the system, diamonds represent 6.9% heavy Si and squares
represent 28% heavy Si. Note that the diffusivity results from
simulations with fewer heavy atoms have larger errors. The data
are consistent with b = 0.055 ± 0.005.

Table 3
Summary of results for b in SiO2 and MgSiO3.

Composition Element P (GPa) b

SiO2 Si 0 0.055 ± 0.005
SiO2 Si 10 0.042 ± 0.010
SiO2 Si 20 0.063 ± 0.010
SiO2 Si 40 0.045 ± 0.010
MgSiO3 Si 0 0.047 ± 0.014
MgSiO3 Si 25 0.043 ± 0.008
MgSiO3 Si 50 0.047 ± 0.025
MgSiO3 Mg 0 0.135 ± 0.008
MgSiO3 Mg 25 0.092 ± 0.006
MgSiO3 Mg 50 0.084 ± 0.016

Fig. 2. Variation in b with pressure, for Si and Mg in liquid SiO2

and MgSiO3.
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approximately the pressure range studied here, and are asso-
ciated with an anomalous increase in the diffusivity of the
ions that make up the silicate network (Lacks and Van
Orman, 2007; de Koker, 2010). Transport of structure-mod-
ifying cations (Mg) may also be enhanced by these structural
changes, but only in silica-rich compositions (Lacks and
Van Orman, 2007). In lower-silica compositions, including
MgSiO3, the diffusion of Mg is not as strongly tied to the
motions of the silicate network, and its behavior is more like
that of an ion in a simple liquid, with diffusive transport
becoming less efficient as the density of the liquid increases.
The insensitivity of bSi to pressure is likely related to the
competing effects of densification (which tends to make dif-
fusive motions more cooperative) and changes in melt struc-
ture (disruption of the silicate network makes Si diffusion
less cooperative). Disruption of the silicate network has a
weaker influence on the transport of Mg, and the decrease
in bMg with pressure is likely due to a larger number of
atoms needing to move cooperatively to allow Mg to diffuse
at higher densities.

Our results suggest that further insight on transport
processes in silicate melts could be gained by studying the
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influence of melt composition and pressure on the isotope
effect for different ions. Structure-modifying cations might
generally be expected to have b that decreases with pres-
sure, particularly in lower-silica melt compositions where
cooperative motions with the silicate network are less
important. The value of b for Si might also be expected
to be larger and more sensitive to pressure in very silica-
poor melt compositions where no silicate network exists.

Watkins et al. (2011) showed that in chemical diffusion
experiments the mass dependence of diffusion for isotopes
of an element is correlated with the effective binary diffusion
coefficient (EBDC) of the element relative to that of Si. This
correlation was found to hold for different elements diffus-
ing in the same melt, and for the same element diffusing in
different melts. The correlation was inferred to arise because
both b and Dx/DSi are related to the degree of coupling be-
tween the species of interest and the solvent (represented by
Si) – strong coupling to the silicate network reduces both the
diffusivity of the cation and its mass dependence. Our MD
results on self-diffusion are in qualitative agreement with
the experimental trend for chemical diffusion. In particular,
the pressure dependence of b for Mg found here in simula-
tions of self-diffusion follows the experimental trend for
chemical diffusion (Fig. 3). This similarity suggests that
the value of b in silicate melts is related to the degree of
coupling to the silicate network in both chemical diffusion
and self-diffusion. Further experimental work on the mass
dependence of isotope self-diffusion is needed to test
whether this is indeed the case. Although there is a close sim-
ilarity between the self-diffusion coefficients and the EBDCs
for major elements among many experimental studies
(Zhang et al., 2010), the difference between these coefficients
can be large, particularly when the concentration gradient
for the element of interest is large (Liang et al., 1996a,b).
Fig. 3. Correlation between the mass dependence of isotope
diffusion (b) and the diffusivity of the element relative to that of
Si (the primary network former). Closed symbols are MD self-
diffusion results from this study, at pressures from 1 atm to 50 GPa
(circles: Mg; diamonds: Si); open symbols represent experimental
effective binary diffusion data for various elements in various
silicate melt systems (Richter et al., 2003, 2008, 2009; Watkins
et al., 2009, 2011).
Further insight into the cooperative nature of the atomic
motions that underlie the isotope effect on diffusion in sili-
cate liquids can be gained by examining how changing the
mass of an atom alters the diffusivities of the other atoms
in the system. Fig. 4 shows the results of simulations for
SiO2 where the fraction of heavy silicon atoms is varied
with the mass of the heavy Si atoms being larger by a factor
of 10. These results show that the diffusivities of all atoms
decrease as the fraction of the heavy Si atoms increase,
i.e. the diffusivities of the oxygen and normal silicon atoms
decrease even though their masses have not changed. This
dependence of diffusivities on isotope concentration cannot
be described by the commonly used scaling law of Eq. (1),
which relates the diffusivity of a species only to the mass of
that species. Although natural variations in diffusivity re-
lated to changes in the proportions of isotopes of other spe-
cies are not likely to be significant, the effect is important
because it gives insight into the cooperative motions in-
volved in diffusion.

The dependence of the diffusivities of one species on the
isotope concentration of other species, and the small depen-
dence of isotope diffusion on mass compared to low-density
gases, arise because diffusion in dense fluids is a complex
process that involves the cooperative motions of many
atoms. As a rule, many atoms must move cooperatively
to allow diffusive motions to occur when atoms are tightly
packed together in condensed amorphous systems. The
cooperative motions involved in diffusion in liquids are of-
ten string-like, involving the coupled displacement of a
string of many atoms (Donati et al., 1998; Schober,
2002). It should be noted that some small, low-charged spe-
cies, including neutral He, CO2 and H2O, appear to repre-
sent an exception to this rule (Watson, 1994; Zhang and
Behrens, 2000; Zhang et al., 2009). These species diffuse
relatively rapidly even at temperatures well below the glass
transition, where diffusion of silicate network species is
Fig. 4. Changes in diffusivities as the concentration of heavy silicon
atoms increases, with the mass of the heavy silicon atoms being 10
times greater than the normal silicon atoms. D0 represents the
diffusivity of the element at the same state point (T, P) with all
atoms having normal masses. T = 4500 K, P = 1 atm. The filled
symbols represent the heavy Si atoms, and the open symbols
represent normal Si (circles) and normal oxygen (squares).



Fig. 5. Variation in diffusivity with changes in the isotopic
composition of other species. Squares, oxygen in SiO2, where only
the isotopic composition of silicon is changing; circles, oxygen in
MgSiO3, where the isotopic composition of magnesium and/or
silicon is changing; diamonds, magnesium in MgSiO3 with isotopic
composition of silicon changing; triangles, silicon in MgSiO3 with
isotopic composition of magnesium changing. Included on the
figure are simulation results from all pressures (1 atm to 50 GPa).
The simple model described in the text predicts that the data will
fall on a line with slope = ½, but the data are instead consistent
with a slope of approximately 1/5.
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negligible. This implies that their diffusion is not highly
cooperative, but is instead a type of “interstitial” process
that involves only small, local elastic motions of the
surrounding atoms to allow hops between interstitial sites
within the liquid or glass. In these cases where strongly cou-
pled motions are not required for diffusion (as evidenced by
significant diffusivity below the glass transition), we would
expect the value of b to be relatively large. There is some
experimental support for this, as He diffuses rapidly in
basaltic glasses and also has a relatively large value of b,
�0.33 at 500 �C (Trull and Kurz, 1999). Similarly, lithium
has a relatively large value of b and rapid diffusivity in
silicate melts (Richter et al., 2003), and also diffuses rapidly
in silicate glasses (Jambon and Semet, 1978).

A simple model for the mass dependence of isotope dif-
fusion assumes that a cooperatively diffusing group of
atoms follows the same dependence on mass as a molecule
within an ideal gas (Kluge and Schober, 2000). According
to this simple model the diffusivity ratio of two isotopes
scales as

D2

D1

¼ m�1
m�2

� �1=2

ð3Þ

where m* is the effective mass of the cooperatively diffusing
group of atoms and the diffusivity of the isotope is identical
to that of the cooperatively diffusing group. This group is
considered to consist of N molecular units (SiO2 or
MgSiO3) that are moving cooperatively, such that the effec-
tive mass is given by

M� ¼ mi;j � hmii þ Nhmmoli; ð4Þ

where i identifies the element and j the isotopic species (light
or heavy); <mi> represents the average atomic mass of the
element and <mmol> the average molecular mass of the sys-
tem, which depend on the isotopic composition. If this sim-
ple model were correct, it could be used to find the number
of molecular units involved in the cooperative diffusion of
each type of atom.

The model can be tested in terms of its prediction of the
changes in diffusivity of one species due to changes in the
isotopic composition of one or more other species. When
the isotopic composition of element i is held constant and
only the isotopes of other elements are allowed to vary,
mi;j ¼ hmii, and the effective mass of the cooperatively dif-
fusing unit is m� ¼ Nhmmoli. The diffusivity ratio of an ele-
ment i in two systems that are identical except in the
isotopic composition of elements other than i is then pre-
dicted to scale as:

Di;2

Di;1
¼ hmmoli1
hmmoli2

� �1=2

ð5Þ

The predictions of this model are compared with the
simulation results in Fig. 5. While the model qualitatively
shows the decrease in diffusivity of a species as the mass
of one or more other species is increased, the magnitude
of the decrease predicted by the model is significantly larger
than found in the simulations. Instead of an exponent of ½
in Eq. (4), the data for both SiO2 and MgSiO3 (at all pres-
sures) are consistent with an exponent of �1/5. Similarly, in
liquid MgO the variation in oxygen diffusivity with changes
in the average mass of magnesium, from the results of Tsu-
chiyama et al. (1994), is consistent with an exponent of
�0.12 (with large scatter). Hence, the simple model de-
scribed above does not fully capture the relationship be-
tween cooperative atomic motions and the isotope effect,
in liquids consisting of more than one type of atom, and
cannot be used to find the number of cooperatively diffus-
ing atoms or molecular units involved in diffusion.

We note that when the atomic mass of every atom in the
system is changed uniformly, i.e. is multiplied by the same
numerical factor k, the diffusivities in the normal system
and the system with uniformly altered masses scale as

Di;k

Di;0
¼ mmol

kmmol

� �1=2

¼ k�1=2 ð6Þ

This relationship holds for any system of interacting
particles in which quantum effects are negligible (see
Appendix). To address the effect of non-uniform variation
of the masses of different elements, simulations were carried
out for liquid SiO2 in which the masses of normal silicon
and oxygen are changed by different factors, kSi and kO.
In presenting the results, k represents the factor by which
the total system mass changes from the normal (due to vari-
ations in the mass of Si and/or O), and r = kO/kSi. Fig. 6

shows the results for
Di;k

Di;0

� �
=k�1=2 as a function of r. As ex-

pected,
Di;k

Di;0

� �
=k�1=2 = 1 when r = 1. However, its value be-

comes larger as r deviates from 1, for both oxygen and
silicon. Changing the mass of silicon, for example, but
not oxygen, affects the diffusivities of both elements
similarly, but not as much as would be expected based on



Fig. 6. Results of simulations carried out in which the total mass of
the system varies according to the factor k, with silicon mass
changing by the factor kSi, oxygen mass changing by the factor kO,
and r = kO/kSi. D is the diffusivity in these simulations, where the
masses of Si and/or O are larger than normal, and D0 is the diffusivity
in the case of normal masses for all atoms. Circles represent results
for silicon, and squares represent results for oxygen. Note that an

exact analytic result is
Di;k

Di;0

� �
=k�1=2=1 when r = 1, and that there are

two sets of data at r = 1, corresponding to k = 2 and k = 10.

Fig. 7. Calculated (Eq. (7)) steady-state d30Si and d26Mg in an
olivine phenocryst as a function of its growth rate, where isotope
fractionation is due only to diffusion in a diffusive boundary layer
adjacent to the growing crystal. The diffusion coefficients assumed
for normal Si and Mg are 1.3 and 5.1 � 10�12 m2/s, respectively,
appropriate for a basaltic liquid at 1100 �C (Zhang et al., 2010).
The diffusivity ratios D30Si/D28Si = 0.9962 and D26Mg/D24Mg =
0.9892 are based on the mass dependences for Si and Mg isotopes
determined in this study. The boundary layer adjacent to the
phenocryst is assumed to be 100 lm thick, and the crystal/melt
partition coefficients for Si and Mg are assumed to be 0.5 and 4,
respectively.
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uniform mass scaling. The dependence of the diffusivities on
the ratio r is likely due to momentum transfer consider-
ations during collisions (Kiriuscheva and Kuzmin, 2005).

4. DIFFUSIVE ISOTOPE FRACTIONATION DURING

MAGMATIC PROCESSES

Significant fractionation of silicon isotopes by chemical
diffusion in igneous systems has generally been considered
to be unlikely based on (1) the lack of a measurable isotope
effect for Ge in GeO2 (Richter et al., 1999) and (2) the lim-
ited variation in SiO2 concentration among natural silicate
liquids (less than a factor of �2). It is worthwhile to re-
examine the potential magnitude of diffusive silicon isotope
fractionation during magmatic processes based on the sig-
nificant isotope effect simulated here, and on the increasing
ability to measure small variations in isotopic compositions
in magmatic samples (presently on the order of �0.1& or
less; e.g. Savage et al., 2011).

4.1. Diffusive fractionation during crystallization

Crystal growth in magmas can fractionate isotopes via
diffusion in the liquid adjacent to the moving crystal inter-
face (Watson and Müller, 2009). Crystallization of olivine
in particular has the potential to fractionate Si and Mg iso-
topes. Olivine is depleted in silica relative to any natural
magma, and olivine crystallization therefore leads to a
buildup of SiO2 in the liquid that must diffuse away from
the crystal surface. Heavy silicon isotopes diffuse more
slowly and may therefore become enriched near the crystal
surface, if diffusion is slow compared to the rate of crystal
growth. If crystal growth is rapid enough, the heavy Si iso-
tope signature that is produced in the near-field liquid can
become trapped in the crystal. Magnesium is compatible
in olivine and MgO is therefore depleted in the adjacent li-
quid during growth. Diffusion of MgO is therefore directed
toward the olivine surface, and may lead to enrichment of
light Mg isotopes in the olivine.

An approximate solution for the steady state isotope
composition of a crystal growing in an infinite medium,
when the diffusive boundary layer is thin compared to the
crystal radius and there is no equilibrium fractionation of
isotopes, is (Watson and Müller, 2009):

d ¼ 1000 1� Dh

Dl

� �
vL
Dh

� �
ð1� KÞ ð7Þ

where d is the difference between the isotope ratio in the
crystal and that in the bulk liquid (in &), v is the linear
crystal growth rate (m/s), L is the boundary layer thickness
(m) and K is the equilibrium crystal/liquid element partition
coefficient. Fig. 7 shows calculated d30Si and d26Mg for an
olivine phenocryst as a function of the growth rate v. It is
possible to fractionate Si and Mg isotopes measurably by
diffusion through the boundary layer, but only when the
crystal growth rate is quite large, on the order of cm/yr.
Diffusive fractionation during olivine crystallization would
be expected to generate a negative correlation between d30Si
and d26Mg, with d30Si larger in olivine phenocrysts than in
the residual liquid. During progressive olivine fraction-
ation, more differentiated magmas would acquire a light
Si isotope and heavy Mg isotope signature. Lavas analyzed
by Savage et al. (2011) show the opposite sense of fraction-
ation in Si isotopes, with more differentiated lavas having
heavier Si isotopes, and hence cannot be explained by
diffusive fractionation during fractional crystallization.
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However, our results suggest that significant diffusive frac-
tionation of Si isotopes may be found in phenocrysts with
textural evidence of rapid growth, and in these cases could
provide a sensitive measure of the growth rate.

For Mg, it is important to point out that while diffusion
through the liquid boundary layer of a rapidly grown oliv-
ine crystal would be expected to impart a light Mg isotope
signature to the olivine, the isotopic composition can also
be influenced by diffusive fractionation within the olivine.
Clear evidence for Fe and Mg isotope fractionation due
to diffusion through olivine was found by Teng et al.
(2011) in olivine phenocrysts from the Kilauea Iki lava lake
in Hawaii. In that case diffusion of Mg out of olivine and
into the melt increased its d26Mg, but fractionation would
be in the opposite sense if Mg diffusion were in the opposite
direction.

4.2. Diffusive fractionation during magma mixing

Isotopes can also be fractionated by interdiffusion be-
tween melts of different composition. In cases where uphill
diffusion is unimportant, heavy isotopes will become con-
centrated in the liquid with higher elemental concentration,
and light isotopes will become concentrated in the liquid
with lower elemental concentration. Within the diffusive
boundary layer between rhyolite and basalt, Si will thus be-
come isotopically heavy in the high-SiO2 region, and isoto-
pically light in the low-SiO2 region. On the other hand,
elements that are enriched in basalt, like Mg and Fe, will
become isotopically light in the high-SiO2 region and isoto-
pically heavy in the low-SiO2 region. The magnitude of iso-
tope fractionation within the boundary layer depends on
the ratio of diffusivites of the isotopes, and on the ratio of
elemental concentrations in the two liquids. A plot showing
Fig. 8. Contour plot of maximum isotope fractionation resulting
from interdiffusion between melts, as a function of the ratio of
element concentration in the two liquids and the diffusivity ratio of
the isotopes [after Richter et al., 2003]. The numbers on the contour
curves indicate the value of d in &. Also shown are the expected
values for 30Si/28Si and 26Mg/24Mg based on our simulation results
and on typical elemental concentration ratios for rhyolite and
basalt.
countours of the maximum isotope fractionation, calcu-
lated as a function of the diffusivity ratio and elemental ra-
tio, is shown in Fig. 8 (after Richter et al., 2003). For Si, our
simulation results indicate that resolvable isotope fraction-
ation, up to �0.5&, can accompany interdiffusion between
basaltic and rhyolitic liquids. For Mg the isotope fraction-
ation can be much greater, up to �20& at atmospheric
pressure, due both to the larger contrast in Mg concentra-
tion between rhyolitic and basaltic lavas and the larger con-
trast in diffusivity of Mg isotopes.
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APPENDIX A

For a system of atoms in which the interactions are gov-
erned by classical mechanics, the only way mass affects the
trajectory of the atoms is through the equation that deter-
mines the acceleration of an atom due to the force on the
atom, which is expressed in one dimension as:

F i;x ¼ mi
d2xi

dt2

If the masses of all atoms are scaled by a constant factor
k,

m0i ¼ kmi

this is equivalent to scaling the time by the inverse square
root of the same factor:

F 0i;x ¼ m0i
d2xi

dt2
¼ kmi ¼

d2xi

dt2
¼ mi

d2xi

dðt=k1=2Þ2
¼ mi

d2xi

dt02

where

t0 ¼ t=k1=2

That is, if everything gets heavier by the factor k, the
only difference in the dynamics is that everything moves
slower by the factor k1/2.

The diffusivity is obtained from the Einstein equation,

D ¼ hðDrÞ2i
Dt

where Dr is the radial distance an atom has moved from its
original position.

If all masses are scaled by k, as shown above this is
equivalent to scaling time by k�1/2, and so the diffusivity
scales as k�1/2:

D0 ¼ hðDrÞ2i
Dt0

¼ 1

k1=2

hðDrÞ2i
Dt
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