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Abstract

Non-linear electronic polarizabilities would be advantageous for a variety of devices. In-

creasing them has been intensely studied for around three decades. Kuzyk et. al. [7, 13, 8, 14]

theorizes that the dimensionless zero-frequency electronic �rst hyperpolarizability, β , is bounded

above by βMAX = 4
√
3 (e}/

√
m)

3 (
N3/E7

10

)1/2
: where N is the number of particles and E10 is

the lowest excitation energy. This maximum need not be realizable: recent research has shown

that the true bound for a single particle moving in one dimension is approximately 71% of this

maximum [2] and that this maximum can also be achieved for N particles constrained to move

together. In order to examine if there is a lower practical limit dependent on the number of

fermions, careful maximizations were performed for multiple non-interacting fermion systems in

piecewise linear potentials. Although not all of the maximizations converged, a �t to the hyper-

polarizabilities suggests that β (N) ∼ 0.67N−0.33βMAX . As shown in [2] for a single particle, for

multiple fermions maximizing β poorly determines the potential. As signi�cant changes were

seen between 4 and 6 parameters in the potential, and 8 has not been achieved, yet larger β are

conceivable.

Part I

Introduction to Hyperpolarizability

Maximization

1 Introduction

Large non-linear electronic polarizabilities would be advantageous for a variety of devices and have

been intensely studied for around three decades. This project will examine theoretical limits on the

�rst non-linear electronic susceptibility of a material, β, known as the hyperpolarizability. Kuzyk

et. al. [7, 13, 8, 14] suggest that there is a theoretical maximum to the hyperpolarizability of N

fermions. Numerical optimizations for a single fermion in a one-dimensional potential [7, 2] strongly
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suggest that the actual maximum is 70.8951% times the proven theoretical limit

βmax =
4
√
3

(
e~√
m

)3
N3/2

E
7/2
10

(1)

We will continue the study of a single electron [2] by modeling the potential starting from the

simple quantum harmonic oscillator (SHO) and modifying the Hamiltonian with linear combinations

of Hermite polynomials to maximize the hyperpolarizability. We will then examine the Hessian

curvature near the maximum to deduce what parts of the potential are integral to attaining this

maximized hyperpolarizability.

It is thought to be advantageous to include a large number of fermions in dyes: for example

looking at Eq. 1 we would expect the volume to grow as N but the hyperpolarizability to grow N3/2:

so if we can approach this limit, it is potentially advantageous to include more fermions. However,

approaching the given limit seems even harder experimentally for large numbers of fermions. This

may suggest signi�cantly stronger limits on the hyperpolarizability of many electron systems. We

expect that the maximal β is highly correlated to the wavefunction and there are many variations to

the potential that can be made which only a�ect the wavefunction to a nominal degree. In addition

we expect, consistent with our prior work, Atherton et. al. [2], that only a few parameters are needed

to get close to the maximum. An objective of this work is to understand better which parameters

are important to such maxima. Once these properties have been enumerated, it is hoped that better

chromophores-functional groups which are responsible for a molecule's optical properties-will be able

to be constructed.

With one exception known to us, [11, 2], hyperpolarizability calculations that test fundamental

limits have only involved a single fermion. This exception �nds that provided there is a strong

attractive interaction between the electrons, so that (in e�ect) they move as a single particle, then

it is possible to achieve roughly 71% of the bound of 1. However, in fact, electrons do not strongly

attract each other: rather they repel each other. While the electrons being considered (typically the

so-called π, or most mobile electrons) do not have strictly Coulomb repulsions they nevertheless will

typically repel each other. However, particularly for reasonable numbers (6 or even 10) electrons

electron-electron interactions are di�cult to treat with any exactness. Thus we have chosen to
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examine in more detail the results for a non-interacting electrons, which seem intermediate between

the strongly attracting electrons that achieve approximately 71% of the Kuzyk bound, and real

electrons. Thus there are two open questions that this project intends to answer: corroboration

and/or improvement on the results of Atherton et. al. [2] for a single fermion, and a preliminary

investigation of hyperpolarizabilities of multiple non-interacting fermions. Given that these two

questions are relatively independent of each other, the research conducted to address these issues did

not overlap. Thus this paper is divided into three parts: Part I discusses background pertinant to the

�eld of Hyperpolarzibility maximization, Part II contains the maximization of β utilizing a potential

consisting of a truncated series of Hermite polynomials, and Part III discusses the extension of the

model and methods used by Atherton et. al. [2] to a potential well containing multiple non-interacting

fermions.

2 The First Hyperpolarizability, β

Contrary to what is taught in elementary physics classes, most physical phenomena are not simple

relationships. The correlations between causes and e�ects can often be modeled by an analytic

function, a function able to be represented by a converging in�nite power series. When given enough

time or intensity of input, higher order terms will contribute appreciably to the measured e�ects. An

important example is the response of a molecule or other particle to an electric �eld. Classically, the

polarization of a molecule can be given by [4]

pi = p0i + αijEj + βijkEjEk + γijklEjEkEl +O
(
E4
)

(2)

where pi is the polarization vector, p0i is the vacuum polarization, αij is the second rank polarizability

tensor giving the linear dependence on the electric �eld, Ej, βijk is the quadratic dependence of pi on

Ej, and is known as the �rst hyperpolarizability. All of these tensors depend strongly on frequencies:

herein we will suppose that all frequencies are zero, or very small compared to any electronic excitation

of the molecule.

We will be interested in the electronic hyperpolarizability. Utilizing quantum mechanics, pi can be

calculated using the dipole operator d̂ = −er̂: where e is the fundamental charge and r̂ is the position
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operator in 3 dimensional space. Utilizing a perturbation expansion in powers of the electrical �eld,

the atomic polarization can be written

pi = p0i + δpi + δ2pi +O
(
δ3
)
= 〈Ψ| d̂ |Ψ〉 (3)

where δpi is the �rst order perturbation of the polarization which correlates to αij, δ
2pi is the second

order corrections and correlates to βijk, et ceterea. The classical polarization density,
−→
P , can be

found from the atomic polarization , −→p , by taking spatial averages over the appropriate volume, and

accounting for local �eld e�ects [6].

In an attempt to �nd properties of chromophores, sections of molecules which respond strongly

to light, which have a large non-linear reaction-and thus a high β it is interesting to examine the

simple problem of a 1 dimensional election in an electric �eld. The behavior of this system is given

by the time independent Schrodinger equation

[
−1

2

d2

dx2
+ V (x) + εx

]
ψ = Eψ (4)

given in units e = m = } = 1, where ε is the given strength of the potential for a constant electric

�eld, and is treated as a �rst order perturbation. The widely used but quite complicated �sum over

states� perturbation theory derivation of hyperpolarizability is given in Boyd, chapter 3 [4]. This

formula involves the energies of the quantum mechanical states of the molecule and the dipole tran-

sition matrix elements, the expectation values of the electric dipole operator between these various

states. Given its complexity it will be omitted. However, an elegant formula for of the static β,

given in Wiggers and Petschek [12] is

β =
1

2

∂3E

∂ε3

∣∣∣∣
E=E0,ε=0

(5)

where E0 is the ground state energy. Given its simplicity, Eq. 5 will be utilized to calculate β for

the remainder of this paper. Additionally since this problem is one dimensional, β is a simple scalar,

and not a third rank tensor as it would be in a higher dimensional setting.

An interesting physical question to ask is if there is a maximum value for β. Application of
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the Thomas Kuhn Sum Rule to Boyd's calculation of the hyperpolarizability conjectures that for N

non-interacting fermions, β is theoretically bounded by Eq. 1. In research done by both Kuzyk et al.

[7, 13] and Atherton et al. [2] for a single particle the numerically veri�ed maximal β is only ~71% of

βMAX . These numerical �ndings raise questions if this is truly the maximal hyperpolarizability, and if

so can they hyperpolarizability theory be adjusted to predict these �ndings? Both of these questions

are currently unanswered. Further, it is of interest to understand the nature of the potentials that

result in such hyperpolarizabilities.

3 Optimization: Techniques and Interpretation1

In the language of optimization theory, one speaks of maximizing an objective function�in this case

the �intrinsic� hyperpolarizability β/βmax�with respect to some set of parameters, i.e., those that

specify a potential. Once an optimum value has been found, it is natural to ask how sensitive that

value is to variations in the parameters. This information is contained in the Hessian matrix

Hij =
∂2β

∂Pi∂Pj

for Pk ∈ {Pl} (6)

the eigenvalues of which are essentially the local principal curvatures of the objective function at the

maximum [9, 10]. It is easy to see following [12] that not only βint but also its derivatives with respect

to the {Pi} can be expressed as an algebraic combination of multiple integrals of smooth functions of

the ground and �rst excited state wavefunctions, their inverses, and the ∂V/∂Pi. It follows that both

gradients and the Hessian are �nite and well-de�ned for any parametrization provided only that the

derivatives of the potential with respect to each parameter ∂V/∂Pi are integrable, except at in�nity

and further provided that the �rst excited state tends to zero su�ciently rapidly as x → ∞. Decay

of the ground state at in�nity is also required but is a necessary consequence of the fact that there

is an �nite excitation energy.

It is quite possible, and will be shown to be the case in the present work, for these eigenvalues to

have very di�erent magnitudes: if so, potentials that lie in a direction in the parameter space parallel

1Most of this section was copied from [2]. I have been involved in the research of Atherton et. al. for over 2 years,
and participated in writing this publication as second author.
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to the eigenvector corresponding to the smaller eigenvalues of the Hessian have larger errors at the

minimum βint indistinguishable from the maximum. The error in parameter combinations associated

with small eigenvalues of the Hessian from a numerical optimization are much larger than those

associated with large eigenvalues [10]. Given an eigenvalue of the Hessian, hi, the error in the �nal

values of an eigenvector will typically be proportional to hαi where the value of depends on details

of the minimization method but typically between 1/2 and 1. The interpretation of a numerically

optimized potential therefore requires care: important features may be obscured by irrelevant ones

associated with small eigenvalues of the Hessian.

There are multiple possible causes for large ratios of eigenvalues: It may be that some fundamental

feature of the problem is responsible, or that the representation chosen is de�cient in that it admits

this behavior. In the present case, we expect a priori that the hyperpolarizability depends on the

potential primarily where the ground state wave function is substantial [12], so parameters that

control the shape of the potential elsewhere are likely to a�ect the hyperpolarizability negligibly.

Further, rapid oscillations of the potential, even where the wavefunction is large, will be smoothed

out by the multiple integrations needed to calculate βint and therefore ought not a�ect it.

In the following section, we apply a known technique [5] to investigate which features of the

potential are important for large βint. A class of potentials is chosen where the number of parameters

that specify the potential can be easily varied; this number is then increased incrementally. In each

case βint is carefully optimized and the eigenvalues and eigenvectors of the Hessian at the maximum

are then examined to see the e�ect of each additional parameter. As the number of parameters is

increased the problem goes from being over-constrained, yielding βint less than the true maximum,

to under-constrained, where directions in the parameter space that do not substantially a�ect βint

appear revealed by the presence of small eigenvalues of the Hessian. With many free parameters

in the potential, the number of large eigenvalues in the Hessian indicates how many parameters are

truly necessary to achieve high βint for the given and similar parametrization.
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Part II

Maximization of β Utilizing Hermite

Polynomials for a Single One Dimensional

Fermion

4 Background

Given the research that has already been performed on maximizing β for a 1 dimensional fermion

[2, 14], what would be the bene�t of recreating this with a di�erent model? Historically, maximization

of β utilizing a potential consisting of a truncated Hermite series was initially the experiment which

Atherton et. al. intended to run; but when it was seen that the in�nite clipped triangular well had

a βint ∼ 0.6, code was written to maximize the piecewise linear case.

Besides this historical anecdote, there are many valid mathematical and scienti�c reasons to exam-

ine hyperpolarizability maximization with a potential consisting of a truncated Hermite series. First

and foremost, we think that the class of potentials which maximize β is analytic; an exponentially

convergent Hermite series would de�nitively prove this conjecture [3]. Moreover, such convergence

would be expected to result in relatively rapid convergence of the value of β to the actual limit

with an increasing number of parameters. Finally, the eigenfunctions of the Hessian, discovered by

Atherton et al. for the piece-wise linear case vaguely resemble (and in order) the Hermite polyno-

mials. Additionally, although piecewise linear potentials are constructed to be continuous, nothing

can be said about the continuity of its derivatives: Hermite series are C∞. Also, calculating matrix

elements of the Hamiltonian is a relatively simple operation for a potential represented by a Her-

mite series. Finally, by maximizing the hyperpolarizability with a model mutually exclusive to the

piecewise linear potential, we intend to corroborate or improve upon the results of [2], and hopefully

elucidate properties of the potential which were not apparent in the piecewise linear model, but may

become apparent in this Hermite model.
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5 Hermite Model

As discussed in Section 4, there are many reasons why a truncated Hermite series representation

of a potential is a good model to maximize β with. In order to do this, the one dimensional time

independent Schrödinger equation

(
−1

2

d2

dx2
+

NW∑
k=1

νkHk (x)√
2kk!

+ εx

)
ψn (x) = Enψn (x) (7)

must be solved. A system of units with } = m = e = 1 has been implicitly chosen. The potential

is parametrized by the set {νi}NW

i=1 , νi ∈ R, as coe�cients for the physicist's un-normalized, Hermite

polynomials Hi(x). To ensure that a well de�ned potential is created and the resulting wavefunctions

are bounded, NW is chosen to be even. The zero for the potential energy is enforced by choosing

H0 = 0, and for a constant external electric �eld E, the semi-classical electro-static potential strength

is given by ε.

The Hamiltonian of Eq. 7 when represented in L2 does not, in general, have a solution in terms

of elementary functions. This Hamiltonian, however, can be re-written in an abstract Hilbert space,

H, as

Ĥ = −1

2
p̂2 +

1

2
x̂2 + εx̂+

NW∑
k=1

νkHk (x̂)√
2kk!

(8)

which is a simple harmonic oscillator (SHO) perturbed by a constant external electric �eld and a

Hermite series. Notice that the system of units has been chosen such that ω = 1. Equation 8 is very

nearly Eq. 7, except for the factor 1/2x2, which can be absorbed into the parameter ν2. As will be

seen in the following computations, Eq. 8 can be easily solved via perturbation theory.

Equation 7 can be approximately solved in the usual SHO matrix representation of H in a basis

of eigenfunctions of the SHO

ψn (x) =

(
1

π

)1/4
1√
2nn!

Hn (x) e
−x2/2 (9)

An arbitrary number of Hermite polynomials can be chosen for the approximate basis of H in this

representation, however for typesetting purposes only 5 × 5 matrices will be shown. The standard
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SHO is given as

Ĥ0 = −1

2
p̂2 +

1

2
x̂2 (10)

and can be represented

H0 =



1/2 0 0 0 · · ·

0 3/2 0 0 0

0 0
. . . 0 0

0 0 0 n+ 1/2 0

... 0 0 0
. . .


(11)

A semi-classical constant electric-�eld perturbation is represented

Hx =



0 1/
√
2 0 0 · · ·

1/
√
2 0

. . . 0 0

0
. . . 0

√
(n+1)/2 0

0 0
√

(n+1)/2 0
. . .

... 0 0
. . . 0


(12)

Now, perturbations of Eq. 10 by an arbitrary Hermite polynomial, Hk (x̂) will be calculated. The

desired Hamiltonian matrix elements, (HHk
)ij = 〈ψi|Hk |ψj〉, in this representation can be calculated

by evaluating the integral

(HHk
)ij =

ˆ ∞

−∞
dx e−x2

Hi (x)Hj (x)Hk (x) (13)

This is analytically solvable via calculus; but this computation is slow. By utilizing the generating

function of the Hermite polynomials, these matrix elements can be calculated analytically with a

simple Taylor series to be

(HHk
)ij =


√
i!j!k!

n1!n2!n3!
withn1 > 0, n2 > 0, n3 > 0, i+ j + k even

0 otherwise
(14)

where nt = (i+j+k)/2, n1 = nt − i, n2 = nt − j, and n3 = nt − k. Some example matrices for HHk
,
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k = 2, 3, 4 are shown below:

HH2 =



0 0 1 0 · · ·

0
√
2 0

√
3 0

1 0 2
√
2 0

√
6

0
√
3 0 3

√
2 0

... 0
√
6 0

. . .



HH3 =



0 0 0 1 · · ·

0 0
√
3 0 2

0
√
3 0 3

√
2 0

1 0 3
√
2 0 3

√
6

... 2 0 3
√
6

. . .



HH4 =



0 0 0 0 · · ·

0 0 0 2 0

0 0
√
6 0 4

√
2

0 2 0 3
√
6 0

... 0 4
√
2 0

. . .



(15)

Notice that the normalization terms
(
2kk!

)−1/2
have been incorporated into the matrix elements of

HHk
. Equation 8 can now be written

H = H0 + εHx +

NW∑
k=1

νkHHk
(16)

The energies and wavefunctions of Eq. 16 can be calculated numerically as the eigenvalues and

eigenvectors of H expanded in the SHO basis. Approximate wavefunctions ψi (x) ∈ L2 can be

constructed by running the appropriate Hermite transforms on these eigenvectors.

Next, β must be calculated in this matrix representation. The usual calculation of β is given as

a sum over states formula, utilizing as many states is necessary for the desired numerical precision
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of β [4]. Alternatively, it was shown that the hyperpolarizability could be calculated [12]

β =
1

2

∂3E

∂ε3

∣∣∣∣
E=E0, ε=0

(17)

If we write, for any quantity Y , Y (ε) = Y +εδY +ε2δ2Y +ε3δ3Y + .., we see that β can be calculated

as

β = 3 δ3E0 (18)

For any Hamiltonian H = H0 + εδH with variation δH, it is seen that

δEi = 〈ψi| δH |ψi〉

δ2Ei = 〈ψi| δH |δψi〉

δ3Ei = 〈ψi| δH |δ2ψi〉

(19)

To calculate β, perturbations of the wavefunction must be calculated to �rst and second orders. It

can be shown that

(H − EiI) |δψi〉 = (δEi − δH) |ψi〉 (20)

which is solvable for |δψi〉 if an inverse for the matrix (H − EiI) can be found. Unfortunately, this

matrix is singular. A suitable matrix G, which is invertible, can be constructed as follows

G = (H − Ei + |ψi〉 〈ψi|)−1 − |ψi〉 〈ψi| (21)

The wavefunction perturbations can now be calculated

|δψi〉 = G (δEi − δH) |ψi〉

|δ2ψi〉 = G ((δEi − δH) |δψi〉+ δ2Ei |ψi〉)
(22)

In the case of calculating the hyperpolarizability, δH = x̂, and β can be expressed

β = 3 〈ψ0| x̂
∣∣G ((δE0 − x̂) |δψ0〉+ δ2E0 |ψ0〉

)〉
(23)
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6 Calculation and Results

Before actual calculations can be run, there is one �nal issue that must be addressed. In [8], Kuzyk

states that there are three invariants of the dimensionless hyperpolarizability: translation invariance,

scale invariance, and the potential energy zero. By choosing H0 = 0 and 〈x̂〉 = 0, the potential

zero and translation invariance have been �xed. This leaves one additional degree of freedom in the

calculation. It is important to remove this, because it introduces extra complexity to an already

complex problem: every iteration of the maximization algorithm should be modifying features of

the potential which contribute to β, not ceaselessly going around in circles which do not matter for

β. This �nal degree of freedom gives an opportunity to impose calculation conscious constraints

which will assist the maximization algorithm, and avoid regions of the parameter space which yield

low hyperpolarizabilities or numerical errors.

There was little success picking a scaling constraint a priori. Initially it was proposed to set

ν2 = 1 − √
ν4, which would assist in the diagonalization of the sparse Hamiltonian matrix (Eq.

16). Unfortunately, this conjecture yielded poor convergence of the Hermite series of the poten-

tial. Next, it was guessed that seeding νNW
by its expected value from the asymptotic convergence

of a Hermite series [4] would maximize β with an exponentially convergent potential. This method

enjoyed a few precarious successes depending on the calculation that was being run. Finally, it was

proposed to enforce E1 − E0 = 1 which prevents numerical errors, that are prevalent in the case of

deep, skinny, potential wells [3]. These constraints worked well for lower dimensional parametriza-

tions, but seemed to overconstrain the model in higher dimensional cases. In summary there were a

few scale invariant constraints which where utilized in the maximization calculations.

A program2 was written in Mathematica 8 to calculate and maximize the hyperpolarizability

given a potential described by a set of parameters {νi}. The FindMaximum[ ] algorithm using a

constrained interior point search with a WorkingPrecision of 50 digits and a PrecisionGoal of 10

digits was run. This process was iterated with various scale constraints for a single, one dimensional

fermion for models with 2, 4, 6, and 8 parameters. In order to ensure the desired numerical accuracy

of β was achieved from the approximate solution of Eq. 7, a program was written to numerically

2Any reader who would be interested in examining the actual Mathematica notebooks and scripts that were utilized
in these calculations, please do no hesitate to contact me at joseph.lesnefsky@case.edu
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test this convergence as a function of number of SHO wavefunctions needed in the basis of the

Hamiltonian. Results of these calculations indicated that ~75 SHO wavefuctions were needed. The

best results from these maximization calculations are shown in Table 1.

Parameters Hermite β Piecewise Linear β Eigenvalues of Hessian

2 0.686389 0.701633 {-3.5591, -0.899404}
4 0.707587 0.708764 {-93.6574, -1.55654, -0.0835537, -0.0374308}
6 0.708677 0.708796 {-147.6, -2.419, -0.0941, -0.01790, -0.003528, -0.001269}
8 0.578246 0.708951 {-9870, 8868, 6125, -5069, 3033, -2341, 2198, -114}

Table 1: Summary of Hermite Potential Results at Maximum β. Although the Hermite calculations
are consistently lower than the piecewise linear calculations of [2], they do a good job of converging in
every case except for 8 parameters. The exponential Hermite series convergence expected to be seen
for analytic potentials has not been observed, bringing into question the analytic nature potentials
maximizing β.

Because the two parameter case was investigated, it is easy to view a map of the parameter

space as a 3D graph (see Figure 1). Upon investigation, one can see 2 skinny, long, ridges which

converge to a single global maximum of β. In higher dimensional parameterizations there may be

many ridges connected in a complicated pattern, or not connected at all, which makes optimization

di�cult. Continuing with analogues to higher dimensions, the one dimensional linear subspace

on the top of the ridge will become a higher dimensional sub-manifold which must be navigated

by maximization algorithm. Figure 2, is also an opportunity to see what path the maximization

algorithm has chosen through parameter space, as well as the eigenvectors of the Hessian at the

maximum. Even in this simple 2 parameter case, the path through parameter space to the maximum

is rather complicated. This di�culty compounds exponentially with the addition of more dimensions.

The ground state wavefunctions, the �rst excited state wavefunctions, and the potentials at

maximum β can be seen in Figure 3.

7 Discussion and Conclusions

For a single fermion in a one dimensional potential given by a truncated Hermite series there is one

main topic to discuss: the failure of the Hermite series to converge as the number of parameters

increases. There are many reasons why this could have occurred: the maximum exists and was not
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Figure 1: Graph of the Parameter Landscape for the 2 parameter Hermite Polynomial Maximiza-
tion. In this particular case, the hyper-surface for β can be visualized. Variations of c1 and c4
correspond to variations of H1(x) and H4(x) in the potential. Take note of the two long, skinny
ridges that steeply decrease at the global maximum.

found, there were contributing numerical errors to the calculation, or the Hermite model is de�cient

in parametrization the hyperpolarizability. It is quite possible that the maximum exists and was

simply not found, especially considering the complexity of the β optimization. A numerical error is

possible, especially given the skinny deep shape of the potential, but numerical errors typically cause

β to diverge. There could be a coincidence where the numerical error happens to be at a value of

β viable to a be a maximum. Finally this behavior could be exhibited by a de�cient model, as we

currently believe. Physical sense requires that the potential be positive in�nity at spatial in�nity:

this (in turn) requires that the highest term in the Hermite expansion of the potential be positive.

Requiring that the wave functions for potentials with additional Hermite polynomials resemble those

with fewer polynomials implies additional constraints on the higher order terms in the polynomial:

in e�ect the low lying wavefunctions must remain con�ned to the potential well achieve for small
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Figure 2: Contour Graph of the Parameter Landscape. This �gure illustrates the path the interior
point search algorithm used to reach maximal β (shown by light blue). At maximal β the eigen-
vectors of the Hessian are illustrated by the orthogonal blue (small eigenvalue) and green (large
eigenvalue). In the direction of the large eigenvalue, β falls o� quickly, but in the direction of the
small eigenvalue β remains rather constant.
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Figure 3: Hermite Potentials and Wavefunctions at Maximum β. Potentials (blue), ground state
(black) and �rst excited state (grey) wavefunctions are shown at maximal β. The vertical axes
are energy, the horizontal axes are position, both arbitrary units. Notice that as the number of
parameters is increased, the shapes of the potential begins to form that of a 2-state well. For
the 8 parameter case, maximal β was not achieved. Unlike for the other cases, a single skinny
deep well has formed. Potentials of this shape often introduce signi�cant numerical errors into the
hyperpolarizability calculation. These graphs are not renormalized.

21



numbers of polynomials, so there can not be any additional wells that are terribly deep. This leaves

us with the problem that the actual minimum may be on the boundary of this physically allowed

region. Certainly, attempts to do unconstrained minimizations with 8th and 10th order polynomials

suggest this: if started in the allowed region they seem always to fall into the disallowed region.

Constrained optimizations do not seem to converge, or to get much better than the initial, lower

order starting form.

Assuming that the wavefunctions are what is integral to the hyperpolarizability as is claimed

in [2], the failure of the 8 parameter case to converge could possible be explained by a topological

arguement. The potential can be divided into 2 asymptotic regions, where the wavefunctions, ψ, are

small and large respectively. Where ψ is large, small changes to the potential, yield large changes

in β; where ψ is small, small changes to the potential yield small changes to β. As is seen in Eq. 7,

νNW
> 0 for ψ to remain bounded. However, in the region where ψ is large, νNW

may want to become

negative, and demanding that it remain positive over-constrains the model and greatly a�ects the

hyperpolarizability.

One way to visualize this is through the physically natural metric of [2]. Encapsulating the

statement that, for high β, the potential only matters where ψ is large implies the creation of a

metric, d, on the space of potentials in L2. The functional form of this metric can be expressed

d (V, V ′) = ‖V − V ′‖PNM =

ˆ ∞

−∞
dx ρ (x) |V (x)− V ′ (x)| for V, V ′ ∈ L2 (24)

where ρ (x) is a positive-de�nite function. It is clear to see that this forms a well de�ned metric

space (L2, d). Because of this, all the regular rules for convergence can be applied: of particular

interest is if the sequence of partials sums Hermite potential, V = {Vi}∞i=2, for an increasing number

of parameters is Cauchy under the physically natural metric d. Reviewing the de�nition of a Cauchy

sequence in any metric space (X , d),

Sequence S is Cauchy

⇐⇒

∀n ∈ N, ∃ε (n) ∈ R, ε (n) > 0 s.t. for sn, si ∈ S, ∀i > n, d (sn, si) < 2ε (n)

(25)
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Figure 4: ε-Tube for Hermite Potential Convergence. Given the physically natural metric the ε-tube
about V4 is shown (transparent blue). The x-axis is given in arbitrary units of length, and the y-axis
is given in arbitrary units of energy. Numerically calculated potentials for maximal β are shown,
(V2, V4, V6, V8). For the sequence of parametrizations of Hermite potentials to converge under this
metric all subsequent potentials must fall within the ε-tube. However, it is clear that numerically
calculated V8 (green) strays outside in many places, suggesting that these potentials do not converge.

It is well known in analysis that a sequence converges i� it is Cauchy. This allows one to determine

if a sequence converges without, a priori, knowing what it converges to. This is exactly the situation

for V . Simply by postulating a physically natural metric weighted by what we think is physically

important for high β, and examining the ε for a few of the initial data points, it is possible to

determine if V converges without knowing what V converges to. Thus if a single data point is found

which does not conform to Eq. 25, V cannot converge.

The cases where ρ = ψ2
0 and ρ = ψ2

0 + ψ2
1 were investigated to determine if this sequence of

Hermite potentials, is, in fact Cauchy. It was found that ρ = ψ2
0 + ψ2

1 was most the most restrictive

metric, so attention was concentrated on ρ = ψ2
0. In (L2, d) the distance between the 2 parameter

potential and the 4 parameter potential, ε2,4 = d (V2, V4), was calculated. Thus for V to be Cauchy,

∀i > 4 the distance d (V4, Vi) < 2ε2,4. This can be graphed by looking at the open ε-tube around

V4 given by ∀V ∈ L2 s.t. d (V4, V ) < ε2,4 (see Figure 4) . If any Vi ∈ V strays out of this ε-tube, V

cannot be Cauchy, and thus not convergent under (L2, d). Examining Figure 4 the V8 potential can

be seen straying outside the ε-tube in multiple places, suggesting that V does not converge. The
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previously stated arguments assume the validity of Eq. 24; if this metric is chosen by nature, however,

is speculation.

There have been many criticisms to the previous topological argument. First and foremost, it has

been regarded as too mathematical, and not physical enough-it belongs in a mathematics journal,

not in a physical journal. Next, it seems to contradict well known convergence properties for Hermite

series representations of functions. Finally the main argument why the sequence of partials sums

of Hermite potentials, V , does not converge rests on the behavior of V8, which has not attained a

good maximum β. Addressing the �rst criticism, that this argument is too mathematical, I argue

that any model of a physical system is by its very nature mathematical and thus should be carefully

studied and scrutinized with mathematics. Mathematics is the native language which physics has

chosen to speak in its homeland, and thus mathematical arguments for physical systems are equally

as valid a physical arguments for these systems.

Examining V in the light of the exotic physically natural metric d = ‖·‖PNM of Eq. 24, by no

means diminishes or changes the well known convergence properties of Hermite representations of

functions when viewed with the standard metrics and weightings. These convergence properties,

however, many not be true for these exotic metrics which are introduced to weight the physics of

the hyperpolarizability into the distance between potentials. The failure for V to converge in (L2, d)

is done with respect to properties of β and speculates on the physics: this Hermite series has a

completely di�erent set of convergence properties in the usual function space (L2, ρ), imbued with

the familiar supremum norm ρ (V, V ′) = ‖V − V ′‖∞.

The failure to �nd a well-converged maximum β for V8 is a major �aw in this argument. One could

say, of course this series does not converge in the physically natural metric space (L2, d) because it

has not converged for maximal β. Clearly more research is needed on this subject. The introduction

of this topological argument is purely speculative, and could be completely erroneous and false. It

is just one attempt to, in terms of what we think is important to the hyperpolarizability, explain

why we could not �nd a maximal β for V8. In the end, however, this topological argument makes

much stronger claims about the convergence of V . Its argument is completely determined upon the

value and faith that one places in the exotic physically natural metrics that have been introduced to

explain important features of potentials pertaining to the hyperpolarizability. If one disagrees with
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the intrinsic value of these metric, then this topological argument is completely moot.

Now that the issue of convergence has been addressed, the second question concerning potentials

for hyperpolarizabilities can be discussed: is the potential for maximal β analytic? Unfortunately,

given the data gathered by these calculations, nothing can be de�nitively concluded on this mat-

ter. Although high {νi}NW

i=1 decreased as NW , the number of parameters, increased, it did not decrease

exponentially as would be expected if the potential were analytic. It is possible that potentials for

maximal β are analytic and properties of a de�cient model caused this behavior to be exhibited. This

failure of convergence could also suggest that these potentials are not analytic. The jury, however,

is still out on this question: more data is needed.

Ultimately, all that can be de�nitely concluded from this experiment is that, for a potential

comprised of a partial sums of a truncated Hermite series of 2, 4, and 6 Hermite polynomials,

numerically calculated wavefunctions yield hyperpolarizabilities on par with [2, 11], but still far

short of the theorized Kuzyk limit of Eq. 1. The Hermite parametrization does satisfy the goal

of corroborating these calculations, where maximal βint~71% of βMAX . The wavefunctions seen in

the Hermite calculation for maximal β closely match the wavefunctions seen the Atherton et. al.

piecewise linear potential model. General properties of potentials which are important for high βs

were not found in this calculation, and still remain elusive.

Part III

Maximization of β for Multiple

Non-Interacting Fermions

8 Background

Although a de�nitive maximum for a single fermion in a Hermite potential was not able to be estab-

lished, many important properties of β were elucidated. I now intend to expand these calculations

to a system which includes multiple non-interacting fermions: a branch of research which has not
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had much attention from theoreticians, except for [2, 11]. The attention that has been given to this

subject mostly concerns matching dipole matrix elements predicted to be important in the calcula-

tion of β to dipole matrix elements of known chromophores [7, 8]. This method does a poor job of

maximizing the hyperpolarizability consider that βint of the best known chromophores is ∼ 0.04 Al-

though chromophores certainly consist of multiple interacting fermions, if the size of molecule is large

enough many these interactions are negligible and chromophores can be modeled by non-interacting

fermions. Additionally, there has been little attention given to what properties of actual potentials

and wavefunctions are important for a high βint.

Because of its success, we will extend the functionality of the Atherton et. al. [2] model to include

multiple non-interacting fermions. This will allow us to see how additional fermions will a�ect β

while including the fermion spin interactions of the particles while excluding the electro-dynamic

interactions. Just as in the single fermion case, the Kuzyk maximum (Eq. 1) probably not physi-

cally realizable. These calculations elucidate how β varies for the numerically calculated (otherwise

physical) potentials and wavefunctions as a function of number of fermions.

In Part III, we will discuss, in depth, the Atherton et. al. model as well as the modi�cations

required to calculate β for multiple non-interacting fermions. Next, by examining the eigenvalues and

eigenvectors of the Hessian evaluated at maximal β, we will discuss what properties of potentials and

wavefunctions are important for high hyperpolarizabilities for multiple non-interacting fermions. Fi-

nally, we will compare this to already known properties of high β for single fermions, and discuss

how maximal β decays as the number of fermions increases.

9 Piecewise Linear Model3

There are a myriad of possible parametrization for one dimensional potentials and several quite

simple potentials have hyperpolarizabilities that are a large fraction of the putative maximum, e.g.,

the semi-in�nite triangular well and the clipped harmonic oscillator [14], the latter of which was

investigated in Part I. We have chosen to represent the potential as a piecewise linear function that

consists of N + 1 segments (see Figure 5)

3See footnote 1
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Figure 5: Piecewise Linear Model. Example potential with 6 physically relevant parameters. Varia-
tion of the slopes {Ai}, and break-points {Xi}, change β. To yield physically viable wavefunctions,
A0 < 0 and AN > 0 with 0 < Xj < Xj+1

V (x) =


A0x+B0 x < x0

Anx+Bn xn−1 < x < xn, n ∈ {1, 2, ..., N − 1}

ANx+BN x > xN−1

(26)

with positions {xn} and slopes {An} as the parameter set {Pi} describing the potential. The {xn}

are strictly ascending and this must be enforced in the optimization. After preliminary calculations

were ran, it was found that constraining the slopes to be strictly positive was too restrictive, so

the model was altered to include negative slopes. For the wavefunctions to remain bounded, we

demanded that A0 < 0 and AN > 0. Since β is invariant under both translation of x and the

addition of a constant to V (x), two constants are �xed (x0 = 0 and B0 = 0) with no loss of

generality. There is one more free constraint left in the hyperpolarizability calculation, this will

be discussed in Section 10. Additionally, we take B1 = B0 and the remaining constants {Bn} are

determined by enforcing the continuity of V (x). Having imposed these constraints, there remain 2N
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free parameters P = {A0, A1, · · · , AN , X1, · · · , XN−1}.

This class of potentials was chosen because it is easily solved in terms of well-known transcendental

functions allowing careful and precise numerical minimization. Moreover, with increasing numbers

of parameters it allows for but does not require sharp changes in the potential. For example, nearly

vertical segments may be represented and are actually realized for the N = 1 case: if these were

observed in an optimized potential, this would suggest that discontinuity might be important to βint.

Similarly, sharp δ-function like peaks could be represented using two segments. The class of potentials

(Eq. 26) is therefore su�ciently general to �nd a sharply varying potential and to see whether such

features are generically important to high βint, as has been previously suggested [14, 13]. Moreover,

this class of parameters, provided the positions {xi} are restricted to the region in which the ground

and �rst excited wavefunctions are large, seem all likely to signi�cantly a�ect βint.

The hyperpolarizability for a given potential was calculated by the following procedure: The

Schrödinger equation for one fermion in the n-th segment is, in units where } = m = e = 1

[
−1

2

d2

dx2
+ (An + ε)x+Bn

]
ψn = Eψn (27)

where an electric �eld of strength is also included since it is desired to calculate β at ε = 0. Its

solutions are the well known Airy functions

ψn(x) = CnAi

[
3
√
2(Bn − E + x(An + ε))

(An + ε)2/3

]
+DnBi

[
3
√
2(Bn − E + x(An + ε))

(An + ε)2/3

]
(28)

The 2N + 2 constants {Cn} and {Dn} are determined by imposing continuity of ψ(x) and its

derivative ψ′(x) at each of the set of points {xi}, yielding N pairs of equations. The two remaining

equations are found by requiring the wavefunction to vanish as x→ ∞, mandating thatD0 = DN = 0.

All of these equations are linear in the parameters {CN} and {DN} and may be represented in matrix

form

W · u = 0 (29)

where u is the vector of coe�cients {Ci} ∪ {Dj} and the matrix W depends on E and ε. Solutions

28



to (Eq. 29) exist if

detW = 0 (30)

which may be readily solved numerically at ε = 0 to yield an ordered set of energy levels {Ei} . For

an ensemble consisting of M non-interacting fermions, the Pauli exclusion principal demands that

each of the M/2 possible occupied energy states will contain 2 fermions, one with spin up and one

with spin down. The contribution to the hyperpolarizability, β, of any single fermion in an occupied

state with energy Em, may be calculated as seen in the subsequent equations.

The Jacobi formula for the derivative of the determinant is

d

dε
detW = Tr

(
adjW · dW

dε

)
(31)

where adjW is the adjugate of W . Since detW = 0, d
dε
detW = 0 also. Using the chain rule

dW

dε
=
∂W

∂ε
+
∂W

∂E

dE

dε
, (32)

the derivative of the energy with respect to ε may be readily calculated

dE

dε
= −

Tr
(
adjW · ∂W

∂ε

)
Tr
(
adjW · ∂W

∂E

) . (33)

Higher derivatives may be obtained by di�erentiating Eq. 31; performing this once yields an expres-

sion for d2E
dε2

d2E

dε2
= −

Tr
[
d
dε
(adjW ) · dW

dε
+ adjW ·W ′]

Tr
(
adjW · ∂W

∂E

) (34)

where

W ′ =

(
∂2W

∂ε2
+
dE

dε

[
2
∂2W

∂E∂ε
+
dE

dε

∂2W

∂E2

])
(35)

and a second time yields d3E
dε3

d3E

dε3
= −

Tr
(

d2

dε2
(adjW ) · dW

dε
+ 2 d

dε
(adjW ) · d2W

dε2
+ adjW ·W ′′

)
Tr
(
adjW · ∂W

∂E

) . (36)
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where

W ′′ =
∂3W

∂ε3
+ 3

d2E

dε2

(
∂2W

∂E∂ε
+
dE

dε

∂2W

∂E2

)
+ 3

dE

dε

(
∂3W

∂E∂ε2
+
dE

dε

∂3W

∂E2∂ε

)
+

(
dE

dε

)3
∂3W

∂E3
(37)

and then the single fermion's contribution to the hyperpolarizability β is

βm =
1

2

∂3E

∂ε3

∣∣∣∣
E=Em,ε=0

(38)

Thus, for an even number of fermions, M , occupying the �rst M/2 energy levels, the total hyperpo-

larizability is given by

β =

M/2∑
m=1

βm (39)

and the intrinsic hyperpolarizability is calculated

βint =
β

βMAX

(40)

with numerically determined energies.

10 Calculation and Results

The parameters {Pi} form the basis of an 2N dimensional vector subspace V ⊂ R2N . Categorically,

β can be viewed as a morphism onto its image, β (V ) = M, which is a 2N dimensional hyper-surface

(Eq. 41).

β : V → M ⊂ R2N+1 (41)

Especially when dim V > 3, �nding the maximum for β is numerically challenging. The number of

steps required to �nd the maximum, and even the possibility of �nding any maximum at all, depends

very strongly on the initial point from which the maximization starts. We do not know if this is

because the function beta is quite rugged and bumpy complete with a plethora of local maxima

and minima, or simply because there are several sharp, narrow ridges in beta as a function of the

parameters we have chosen to use. In addition to these legitimate features, M also contains toxic
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zones of numerical errors which obscure important features of β. Taking this into consideration, the

initial starting point of any hyperpolarizability optimization has a large e�ect on what maxima will

be found, and if that maxima is local, global, or numerical garbage. Three methods were used to

determine starting points for optimization: random number generation, a direct search of V , and point

splitting. When randomly generated starting points were used, the maximization algorithm would

often get stuck in a local maximum, a toxic zone, or simply succumb to the complexity ofM. Given in

the language of computational complexity theory, the hyperpolarizability calculation has complexity

Θ(N3), saying, for N inputs the computation time needed is proportional to N3. Taking these

considerations into account, a Monte-Carlo type optimization was not practical. Next a direct search

of M was used to �nd points in V that were relatively close to a maximum before an optimization

was attempted. A sampling of approximately 102N points in a 10 × · · · 2N − 2 · · · × 10 grid was

utilized. The initial point for most optimization attempts were found using this method. Finally, a

point splitting method was employed to supply initial points. By taking a maximal β for a smaller

set of parameters as a starting point, an identical potential can be created utilizing one additional X

and A parameter respectively. This method was not well investigated and given more time, would

be investigated more thoroughly.

A program4 was written in Mathematica 8.02 utilizing the above calculations to evaluate β for a

given set of parameters {Pi}, and was run on the Case Western Reserve University High Performance

Computing Cluster [1]. The Mathematica function FindMaximum[ ]was used to run a constrained in-

terior point search of M to maximize β. In Mathematica, the interior point searches only utilize ∇β

for optimization, and will make poor choices if the Hessian has radically di�erent eigenvalues, as we

believe is the case with M. Ideally an unconstrained search which utilizes the Hessian, such as a con-

jugate gradient search, would be ideal: but as seen in Eq. 28, as Ai → 0, Ai (x, {Pj}) and Bi (x, {Pj})

oscillate in�nitely fast and become unde�ned. Thus, given the current calculational method, all the

{Ai} must be constrained to have a speci�c (�xed) sign. Based on our experience with 1 fermion,

we �rst hypothesized that all the {Ak}, k > 0 were positive. However, for 4 and more fermions

we found that this resulted in our reaching the boundary of the minimization region. This, in turn

suggested that we change the sign of A1. This was done and resulted in a very appreciable increase

4See footnote 2
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in β. No other minimizations got close to the boundary, and we believe (but have not exhaustively

proven) that for 4 or more fermions in the 6 parameter model, A1 < 0. We believe it is possible

to modify our current calculational methods which would allow unconstrained optimizations. One

possible solution which shows promise are the Bessel or Hankel function representations of Airy func-

tions limited by appropriate asymptotic behavior. This would correct the de�ciency, and allow for

unconstrained optimization algorithms to be used. To be able to properly examine the convergence

of β as a function of N parameters, it was determined that 10 digits of PrecisionGoal was needed,

with a Mathematica WorkingPrecision of calculating each matrix multiplication to 50 digits. Given

the computing constraints of [1], 2500 iterations of FindMaximum[ ] were used for each fermion.

The aforementioned calculation was run for 2, 4, 6, 8, 10, 20 non-interacting fermions for both

the 4 and 6 parameter cases. A summary of these results is seen in Table 2. Wavefunctions and

potentials for these calculations are visible in Figure 6.
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Figure 6: Renormalized Piecewise Linear Potentials and Wavefunctions at Maximum β. Potentials
(blue), highest occupied (HOMO; black) and lowest unoccuppied (LUMO; grey) wavefunctions at
maximal β. The vertical axes are energy, the horizontal axes are position, both arbitrary units. Note
the qualitative di�erence between in the shape of the potential between 2 fermions and more than 2
fermions.

For the 4 parameter case, M was simple enough to impose the constraint A1 = +1 to �x the

scaling. Results for these calculations converged to the desired PrecisionGoal with all negative eigen-

values of the Hessian matrix for β. For the 6 parameter case, we were unable to calculate β to within

the desired PrecisionGoal, even with 2500 iterations of the optimization algorithm. The eigenval-

ues of the Hessian were not all negative, indicating that a maximum had not been attained. The

large ratio of eigenvalues of the Hessian, especially the �rst and the second eigenvalues, indicates

that maximal β lies on the top of a quite steep ridge. Numerically these eigenvalues have a ratio of

~200-1000. Thus a small step in the direction of one of these large eigenvalues amounts to falling o�
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a cli� in M.

In the 10 fermion, 6 parameter case, the ratio of the �rst two eigenvalues is ~5, which suggests

there is something radically di�erent occured this optimization. The maximal β for this optimization

is lower than that for 20 fermions, so we predict that the global maximum was not found. This is

corroborated by examining the potential (see Figure 6), which is much shallower and longer than

potentials for the 6 parameter 8 and 20 fermion cases. One of the goals of future research is to

recalculate this value.

Although it is theoretically possible to calculate analytically the matrix elements of the Hessian,

due to the complexity of the hyperpolarizability calculation we decided that this was not prag-

matic. Instead, the Hessian was calculated numerically, via a centered derivative calculation given

by

∂β

∂Pi

=
β (P1, . . . , Pi + h, . . . , Pn)− β (P1, . . . , Pi − h, . . . , Pn)

2h
for Pi ∈ {Pk} (42)

with an optimal h = 1e − 5 based upon the machine precision [9, 1]. Given that the error of cen-

tered numerical second derivatives is O (h2), the error contribution to the Hessian from the derivative

operation is O (1e− 10). Because there are multiple methods that Mathematica could use to cal-

culate the eigenvalues and eigenvectors of the Hessian, all with di�erent error bounds, it is more

di�cult to speculate on the error propagation due to these operations. Instead of restricting what

algorithm Mathematica utilized to calculate the eigensystem, we decided not to restrict its methods

(which in general do a good job out-of-the-box) and bound error pragmatically. The Hessian was

calculated multiple times using increasing numerical precision until the desired accuracy had been

achieved. Seldom was it necessary to increase the WorkingPrecision to beyond MachinePrecision.

Because the hyperpolarizability is translation and scale invariant, it is possible that two potentials

which look quite di�erent could, in fact, yield the same β. In order to di�erentiate if these poten-

tials truly did have qualitatively di�erent structures or just happened to be some odd scaling and

translation of each other, a de�nitive common ground must be established. This common ground,

we decided, was to �x the scaling and translations such that

〈xHOMO〉 = 〈ψHOMO| x̂ |ψHOMO〉 = 0 and ELUMO − EHOMO = 1 (43)
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which, of course, leaves β unchanged. This transformation can be explicitly constructed [2, 8]

x→ x =
(x− 〈xHOMO〉)√
ELUMO − EHOMO

and V (x) → V (x) =
(V (x)− EHOMO)

(ELUMO − EHOMO)
(44)

Especially when di�erent metrics begin being introduced to explain properties of the potential relevant

to the hyperpolarizability [2], it is imperative that only quantitative di�erences of potentials be

measured, not irrelevant scalings and translations.

Fermions Parameters βint Eigenvalues of Hessian

2 4 0.496355 {-1.42988, -0.591998, -3.67298e-6}
2 6 0.501288 {-2.65307, -0.364654, -0.0115894, 0.00272368, 0.00114184, 0.000691379}
4 4 0.25388 {-0.468553, -0.109942, -0.000157063}
4 6 0.405011 {-196.201, -1.29472, -0.180617, -0.00160646, -0.0000192026, 2.35281e-6}
6 4 0.182015 {-0.722202,-0.146156,-0.000439801}
6 6 0.372529 {-320.303, -0.980327, -0.21226, -0.00243452, 0.0000573925, -5.95654e-6}
8 4 0.191016 {-4.56695,-0.825157,-0.0580178}
8 6 0.350968 {-458.172, -0.436114, -0.135335, -0.00310168, 0.000123927, 4.35833e-6}
10 4 0.159683 {-3.50125,-0.56307,-0.0304758}
10 6 0.261178 {-21.0564, -4.25108, -0.430932, -0.0416831, 0.00919924, -0.006121}
20 4 0.060374 {-8.83926,-0.167233,-0.0211589}
20 6 0.283369 {-671.621,-0.709633,-0.232931,-0.00428382,-0.00136738,-0.000137078}

Table 2: Summary of Numerically Calculated β for a Piecewise Linear Potential. As it can be clearly
seen, the addition of 2 more parameters signi�cantly increases β when the number of fermions >
2. The �rst eigenvalue of the Hessian also becomes increasingly sharp as the number of parameters
is increased. It has been speculated that because there are many small eigenvalues of the Hessian
for the 6 parameter case that the addition of additional parameters will do little to increase β, but
this is a topic of ongoing research.

11 Discussion and Conclusions

There are two main points of discussion for this phase of the experiment: the features of potentials

and wavefunctions that matter for a high β, and the behavior of β as the number of non-interacting

fermions is increased. As can be seen in the literature [2, 7, 13, 8, 12, 14], the former topic has been

discussed for the past decade or so, however the latter topic has had very little discussion so we would

like to focus on it.

Just as it was concluded in [2, 7, 8, 14], there are many potentials with high β. We intend to

extrapolate the conclusion of [2]-that the ground and �rst excited state wavefunctions (ψ0, ψ1) matter
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for high β, not the potential-for a system consisting of multiple non-interacting fermions. Consider

a 2 fermion system: the energies are exactly the same as for a single fermion, and thus given Eq. 1,

the answer should be ∼ 0.71βMAXN
−1/2 for 2 fermions. As seen in Table 2, this is the case. Now ψ0

and ψ1 are �lling the roles of ψHOMO and ψLUMO. Careful examination of Figure 6 shows that the

right-most node of ψHOMO is just inside of the right-most breakpoint. On the other hand, ψLUMO, has

its right-most node just to the right of the right-most breakpoint. Evidence shows that this pattern is

exhibited by all other investigated multiple non-interacting fermion systems. Given these properties

of the wavefunctions and the general shape of potentials given, we hypothesize that the �rst oscillator

strength for these wells should be signi�cant: exactly what Kuzyk expects [7, 13]. Unfortunately, at

the time of writing, these calculations had not been performed and this is a topic of current research.

In general, there are many classes of potentials which can yield similar wavefunctions. Although

it is most likely impossible to enumerate all classes of potentials which give wavefunctions that give

high β, there is one class that we do believe we can enumerate. As seen in Figure 6, these classes of

potentials seem to consist of a nearly vertical wall on the left, a somewhat deep well in the center, and

a slight sloping section on the far right. Considering these potentials a priori, one would guess that

the wavefunctions they produce have the qualitative features described in the previous paragraph for

high hyperpolarizabilities.

Another interpretation of the eigenvectors of the Hessian are as the principal axes for the ellipsoid

approximation of M, the hyper-surface describing β. Taken in this light, the coordinates of the

eigenvector given in written w.r.t. basis B = {A0, . . . , AN , X1, . . . , XN−1} show how well the current

model matches what is important in a potential for high β. If the class of potentials which quickly

oscillate where the wavefunctions are large are ignored, a model which perfectly represent features

important to the hyperpolarizability, would have a Hessian equal to identiy matrix I. In general, the

piecewise linear model with pertinent negative slopes did a decent job correlating important features

of β to this natural coordinate system of the model. It is seen that one coordinate of the eigenvector

is dominant, and the others are negligible.

Not surprisingly, the correlation of the potential to important features of high β depends upon

what model is being used. In models that utilized only positive slopes, the important features w.r.t

β, were the magnitudes of the internal slopes (not A0 and AN). The values of x where breakpoints
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occurred did not greatly in�uence β. These positive slope models best maximized β for the 3

parameter case for any number of fermions.

It was found that in the 6 parameter case there were multiple models that maximized the hyper-

polarizability depending on the number of fermions. For 1 and 2 fermions the strictly positive slope

model worked best, however for more than this a model with the �rst interior slope, A1, negative was

necessary. What causes this abrupt change is unknown. In the negative slope model, the important

features of the potential w.r.t. β became the linear combination vβ = 0.7X2 − 0.7X1 (associated

with one very large negative eigenvalue), A4 (associated with an eigenvalue ~-1), and A1(associated

with an eigenvalue ~-0.1). Recasting the potentials from Figure 6 in this light, it is seen that the

length of the well, the slope of A4, and the depth of the well are what matter for high β. It is easy

to see that the class of wells categorized by the eigenvectors of the Hessian closely match the class

of wells expected to generate the expected ψHOMO and ψLUMO. The overlapping conclusions of the

mathematically motivated Hessian analysis and the physically motivated oscillator strength analysis

help corroborate the claim that ψHOMO and ψLUMO are important to the hyperpolarizability.

The {Ai} were each represented in their respective eigenvectors with small eigenvalues, not neces-

sarily all negative (Table 2). This is not surprising because the optimization algorithm did not con-

verge to within the desired PrecisionGoal. This failure to converge could be blamed on the constrained

optimization, as was previously discussed, or on the complexity of the β hyper-surfaceM. The only

thing that can be de�nitively concluded from the 6 parameter numerical calculations is that, in M,

maximal β exists on a very long and perniciously skinny and steep ridge. Finding this ridge is not

di�cult given its steepness, but once on top it is very di�cult to improve β. Long amounts of time

can be spent wandering around the sub-manifold orthogonal to vβ, M⊥vβ ⊂ M without making ap-

preciable changes to β of more than ∼ 1%. Although the eigenvectors of the Hessian projected onto

M⊥vβ indicate it is quite �at, it is not completely �at and in fact undulates both up and down. Thus

M⊥vβ is the wild west w.r.t β, and it is each man for himself. All of this data indicates that the

piecewise linear model does not seem to encapsulate important properties of the hyperpolarizability

as well as one would like, and a di�erent model should be selected.

Just as was seen in Atherton et. al. [2], we see in the Hessian that the potential is allowed to vary in

places where its e�ect on the wavefunctions would be small: for example the leading and trailing slopes
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of the potential (represented in the model by parameters A0 and AN) where the wavefunction falls

o� exponentially. The wavefunction is already quite small in these regions, and subsequent changes

of A0 and AN have very little e�ect on β. Evidence for this is seen by examining the eigenvalues

and eigenvectors of the Hessian, because it is often the case that small eigenvalues have eigenvectors

consisting largely of these aforementioned parameters. For a normalized eigenvector these values

were of the order A0 ∼ AN ∼ 0.9 in the basis B = {A0, A1, · · · , AN , X1, · · · , XN−1} ∈ V .

Due to computational and time constraints, only the 4 and 6 parameter cases were able to be

investigated. As seen in Table 2, the addition of more parameters signi�cantly increases maximal

β. One possible explanation of this occurrence is given by the additional freedom of the potential to

cater to the higher energy frontier wavefunctions. As the number of fermions increases, the number

of excited state wavefunctions that contribute to the hyperpolarizability also increases. Given less

parameters, it is di�cult to have a potential where each of the M/2 wavefunctions contributes

optimally to β (see Eqs. 38, 40). Thus, for a small number of parameters and a large number

of fermions, we speculate that optimization of the potential for maximal contributions from the

frontier wavefunctions ψHOMO and ψLUMO has the undesired side e�ect of poor contributions from

the core wavefunctions. The addition of more parameters does not greatly change the contributions

to β from the frontier wavefunctions, but greatly increases the contributions to β from the lower

energy wavefunctions. Given this train of thought, the optimal number of sections for a piecewise

linear potential is dependent on the number of fermions in the system. Examinations of core energy

contributions to β, which would corroborate this hypothesis, are ongoing.

It is not known if examination of higher parametrizations will signi�cantly increase β above what

has already been seen. Examination of the eigenvalues of the Hessian for the 6 parameter case show

that for each multiple fermion system there are 3 eigenvalues of the Hessian that are O (104) smaller

than the �rst large, negative eigenvalue. Because these have bottomed out, it is suspected that

expanding the parametrization will simply add more smaller eigenvalues of similar order without

appreciably increasing β. Our calculations for the 4 and 6 parameter cases support this conclusion

for the number of non-interacting fermions that has been investigated. In the future, research will

continue on higher parametrization of the model.

One test of the relative advantage of utilizing M multiple non-interacting fermions is comparing
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the results to M in�nitely distant potential wells of maximal β for a single particle as found in

[2]. This comparison can be seen in Figure 7.

Figure 7: Graph of Experimental Results for Piecewise Linear Potentials. The theoretical maximum
predicted by the Kuzyk theory (green dashed line) is intrinsically equal to 1. Extrapolating the
experimental results for a single 1-d fermion of Atherton et. al. [2], a system of N in�nitely distant
wells of maximal β gives hyperpolarizability excluding fermionic spin properties. For the 10 fermion
case a valid maximum was not realized; this calculation is ongoing. It is clearly seen that the fermion
spin interaction gives a positive contribution to β

It is clearly seen in the graph that incorporating the spin properties of the fermions increases the

maximal attained β. For ease of measurement, a non-linear �t was applied to the highest found β

for each fermion. The non-linear model used is seen in Eq. 45

f (N) = σN−λ with σ = 0.678295 and λ = 0.330327 (45)

As is hypothesized, the Kuzyk limit was not able to be attained in a parametrized piecewise linear

potential; exactly as was seen by Atherton et. al. in [2]. What is important to maximizing the hyper-

polarizability is the shape of the wavefunction, not what potential generates that wavefunction. Even

though, given a particular class of model potential, what features of the potential were important to
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β could be seen, these observations could not be generalized to potentials in general. Adding more

fermions to the potential decreased βint ~ N−0.330327, which still leaves much room to improve the

best currently engineered chromophores. It is our hope that these results will help engineers develop

better chromophores in the future.

Part IV

Summary and Conclusions on

Hyperpolarizability Maximization

12 Conclusions on Hyperpolarizability Maximization

Chromophores with high non-linear optical responses are of great value in today's modern world.

Despite this, the �eld of hyperpolarizability maximization is somewhat esoteric in the world of physics.

The research team of Kuzyk et al., has contributed greatly knowledge on this subject. However, some

of the methods and conclusions of Kuzyk's research has been debated by other research teams: in

particular Atherton et al. In order to better understand the quantum mechanical properties that

contribute to high non-resonant �rst order hyperpolarizibilites, we attempted to maximize β using a

few di�erent models. Experimental results have yielded data that is consistent with our hypothesis

and other published scienti�c literature on this subject. Unfortunately, we did not discover why the

numerical value of β is signi�cantly smaller than the theoretical value. A theory that accurately

explains all aspects of the hyperpolarizability still remains undiscovered.
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