Math 223 Final

July 30, 2024
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Directions:
1. No books, notes, or dressing your dog up like a taco. You may use a cal-

culator to do routine arithmetic computations. You may not use your
calculator to store notes or formulas. You may not share a calculator
with anyone.

. You should show your work, and explain how you arrived at your an-

swers. A correct answer with no work shown (except on problems
which are completely trivial) will receive no credit. If you are not sure
whether you have written enough, please ask.

. You may not make more than one attempt at a problem. If you make

several attempts, you must indicate which one you want counted, or
you will be penalized.

. You may leave as soon as you are finished, but once you leave the exam,

you may not make any changes to your exam.




1. (10 points)

(a) Show that the following lines intersect:

r=243t y=—-4-2t z=—1+4t

T =06+4t y=—2+2t z2=-3-2t

(b) Find the equation of the plane containing the two lines in part (a).



2. (15 points) For 7 () = (52 + 1, §3/2 + 1,8t — 2) for 0 < ¢ < 1. find

(a) U(t) att =1

(b) @(t) at t =1

(¢) T(t) at t =1 (Hint: T'(t)

v-a
Gk

(d) ar at t =1 (Hint: ap =

(e) Find the length of the curve for 0 < ¢ < 1.



3. (15 points) Let f(z,y) = 2% + 2y + 3°.

(a) Find an equation of the plane tangent to the surface z = f(z,y)
at the point (1,2).

(b) Find the directional derivative of f(z,y) at the point (1,2) in the
direction @ = (3, —4).



4. (15 points) Find all local maxima, local minima, and saddle points for

f(z,y) = zy* — 627 — 3y



5. (10 points) Find the maximum and minimum value of

fla,y) =%y

subject to the constraint 2% + y? = 3



6. (10 points) Evaluate the integral / / (2y —x) dA where R is the region

R
bounded by y = 2% and y = 2z

11
7. (10 points) / / 22ev dy du
0 T

4



8. (15 points) Let R be the region in the first quadrant bounded by the
circles: 22 +y?> =1 and 22 + > =4

R/ / sin(z? 4+ y?) dA

Evaluate the integral



9. (15 points) Let B be the region bounded by 0 < < 1,0 <y < z, and

0<z<2r+y
///ezdv
B

Evaluate the integral



10. (15 points) Evaluate the triple integral

/ / / Vaz+y?+22dz dy do

-2 0 0



11. (15 points) Compute

//:cy(x2 +y?) dA

where R is the region bounded by 2% — y? = —3,2% — 3> = 3,2y = 1,
and zy = 4.



12. (15 points)

(a) Let G(z,y) = (z,y,zy), calculate T, fy, N and ||N]||.

(b) Calculate
[[1as
5

for where S = G(D) where D = {(z,y) : 2°+y* < 1,2 > 0,y > 0}



13. (10 points) Compute

/ 2%y dr +yz dy + (22 +y) dz
c

where C' is the straight line from (0,0, 0) to (1,2, 3)



14. (15 points) Let F(z,y,z) = (yz + 2zy, 2z + 22, zy + 42).

(a) Show that F (x,y, z) is a conservative vector field, and find a po-
tential function for F'(z,y, 2).

(b) Evaluate
/ (yz 4 2zy) do + (z2 + 22)) dy + (vy + 42) dz
c

where C is the curve 7(t) = (t, t3, t* —1 ) for 0 <t < 1.



15. (15 points) Let R be the region bounded by the z-axis, and the semi-
circle y = v/4 — 22 and let C' be the boundary curve of R oriented

counterclockwise.

Evaluate the integral

f (z%y) dx — (y*z) dy
C



FORMULA PAGE

sin? @ + cos?0 = 1
tan?6 + 1 = sec? 6
1+ cot?f = csc®h

sin(a + ) = sin acos 8 + cos asin 3

(
sin(aw — ) = sinacos § — cos asin
cos(a+ ) = cosacos B — sin asin 3
cos(a — ) = cosacos f + sinasin
tan a 4 tan 3
t —
an(a+ f) 1 —tanatan
. 9 1 —cos2x
sin“x = ———
2
9 1+ cos2zx
CO8™ T = ————

sin2x = 2sinx cosx

2 2

cos2x = cos“x — sin“x

(sinz)" = cosx

(cosz) = —sinw
(tanz) = sec’ x
(secx)’ = secx tanz
(cscx) = —cscacotx
(cotz) = —csc’x
(ex)/ — ex

1
Inz) = -
(nay = 2
1
(arcsinz) = ——
V1—22?
1
tanz) =
(arctan ) T2
1
(arcsecx) = ———
|z|vVx?2 -1

o= J () () (5

T T )
n

o= 101

bia /b f(z)da

fle) =

3

/seca:dm =In|secz + tanz| + C
3 1
sec’ x dr = 3 [secx tanz + In | sec x + tan x|]4+C'

/cscmdlen\cscx—cotﬂ +C

. x? a3 = z"

¢ = Lhat gyt = 2 —p forall

o T T —1)"———— for all

sinx = x 3!+5!+ nzg( ) 2n+ 1) or ally
.’L‘2 1‘4 oo " .,L.27’l

COS T — 1_5_{_@4_. o= nz%(—l) o) for all x

_ 2,.3,.4 _ n
1_x—1+x+x +x+x +---—nz%x —l<r <1

_IPG < 7|
kil

_awy +byy + ez — d
«’a2—|—b2+02
1+41=2
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