Math 223 Final

E.F.:

July 25, 2025
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Directions:

1.

No books, notes, or affairs where there are kiss cams. You may use
a calculator to do routine arithmetic computations. You may not use
your calculator to store notes or formulas. You may not share a calcu-
lator with anyone.

. You should show your work, and explain how you arrived at your an-

swers. A correct answer with no work shown (except on problems
which are completely trivial) will receive no credit. If you are not sure
whether you have written enough, please ask.

. You may not make more than one attempt at a problem. If you make

several attempts, you must indicate which one you want counted, or
you will be penalized.

. You may leave as soon as you are finished, but once you leave the exam,

you may not make any changes to your exam.



1. (15 points)

(a) Find the equation of the plane with normal vector N = (2,1,6)
and contains the point (3,8, 2)

i

AX+NY TG = 6+ D4 12

AR N 1eE = 26

(b) Find the equation of the line that contains the P(2,2,1) that is
perpendicular to
204+ 3y—2=5

A= Dt AT '.\?’:_ <7‘:%_> —\’D
~ = Pt 2t P (2,3,))
Z = \- %

(c) Find the point of intersection of the line z = 1, y = 1 + 2t and
z = 4t and the plane z +y + 2 =14

\ =+ +3% + 4+t = |4
Gt =12 t=2

l

(1,5,3)



2. (20 points) For the curve: 7 (t) = (5t,2cost,2sint).

(a) Find the arc length of the curve for 0 <t <=

™ )
S = So W) H = S (o, &t = Go T
>
' 2)
'?'(-ﬂ = {5 ;&sm&-,’)Coskb W\ ¥ (.«-3\\ = \65 3+ ot ~lUcost
(b) Find the speed at t = 1 = (ﬁtq
a5 _ IFl\ = Vaq
d'b - -h) \
() T(t) at t =7/2.  Hint: T(t) = %
= <5, -2swx , 2CO3E Y
T () =
(a
— <§ )-—’;f)?

G

(d) k(t) at t = m/2. Hint: k(t) =

-
- |
CEy = £5,-3, 0> < o
TIT) = <o, 0,2 TUE) < T () =<4,10,0D
W e TN = e
(e _ 2Ga 2
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3. (10 points) Find each limit below or show that it does not exist.

(a) lm 2+ xy — 4x .|.,\.,.-, “+ N
W ViTI =2 | Ty

Q/\’;n W\Llj (\1 A+
&) =02 FFyr—u)

I

a(a+a) =

3zt 4 5yt
(b) lim I i t;y I
(z,y)—(0,0) ° + 3z°y” + vy

Y
3 X _

x—>0
3 F5

= Y
¥ =9 7 O.N.E



4. (15 points) For f(z,y,2) = /1 + 22 + y2 + 22

) Find the gradient vector V f at P(—1,—1,1).

N

=
T
(\+ @24t Pyt ? m (-151,))
M)
- |
= < >’ &’ 3 >

(b) Find the directional derivative of f(z,y, 2z). at P(—1,—1,1) in the

direction ¢ = (2, -2, —3).
D'C—F =<v® O < <_?§7 -:;—7 ;—.3 '<2:“9‘)_?’?
O+

Y

(c) For f(x,y,z) at P(—1,—1,1), in which direction is f(z,y, z) in-

creasing most rapidly?

\
v+ = <'J§’_1575\/'



5. (15 points) Find all local maxima, local minima, and saddle points for

f(z,y) =2y — 2° — 2

— — ™+
o = axy - 3% 5:7&—4\/
ax (y-N=0
=0 N =
X=0 \I‘:l - n
Y=0 =42
c'xx 'r‘vy fx D

L) |av-a | -v | o
(3, o |-4 |4 |-1c | sroowe
a)|o |[-4 |-Y4 |-16 | SRooLE




6. (15 points) Find the maximum and minimum value of

Fla.y) =2 + 6y

subject to the constraint 22 + 3% = 25

TF = <ax, O V= <an,aYD
2x = X(ax) G = xay
ax(i-»)=© XK=0O »= |
K=0 XN= N=t> N =3
N = “:L}
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8. (10 points) / / cos(z? + y?) dx dy

-2 0

r
S 2
| | Roos(e) dr do
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j 53N(Q \ d@ — Sy Y d'e
-1 ~ d
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9. (10 points) Evaluate

2 N NG
j S @,\,%-\- '%q-)\ dx dY
-2 0 ©

2 A

[ § vt <) dx Iy

ey d

2 S \/ d

Sg 'awx}—ﬁis_ \b Y

C S S b 1
j oyt X dy = O _ \’_l
= ) 30-:.

|




10. (10 points) Evaluate

1 V1—z2 z+y

/ / /\/m2+y2 dz dy dx
0 0

0

| Clcosd rarme)
} J Qa @ d% de de

6 0 o

2“ (coed vswe) A6
R
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11. (10 points) Evaluate
1
1]
B Ty
where B is the region between the spheres
P21 Pyt =4

withz >0,y >0and z > 0.

‘j,‘fa. ‘
= W8 = s
3 o‘@c?eem?\? *'Pzg'“eg‘"‘k?
-
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12. (15 points)

(a) Find the Jacobian ggi’ gg for u = 2? — y?and v = zy

Py oV -
_a_f_v\-— s\, " L s

S (x.3) 2
= 39 N X

DGLY)
SOy Y

(b) Compute the value of

R//xy(xQ +y?) dA

where R is the region bounded by

—3<P—yP<3  1<ay<4

-3
3 2 .4 3
X \’,\ do = j 5 du =
E )
-2 )| -2
Qo _ us



13. (10 points) Compute:

/Bx ds
c

where C'is the curve y = z? from (0, 0) to (3,9).

Ry = <5, Tl = a8

W'l = Ve yx?

)
= j 3e {1ayex dt

o

<
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F, Fa

14. (15 points) Let F(z,y) = (102* + 2243, 32%y?).

(a) Show that F(x,y) is a conservative vector field.

= éxy?' B_‘i

2
A ay Xy

l

= Con ser VAT VE |

(b) Find a potential function for F(z,y).

Fory) = j‘(lox" sax v ) dr = 2wl + R N’ Y4 )
Fey) = S iyt dy = XY T+ Gy ()

2
Fov) = AC + XN A

(c) Evaluate
/ (102* + 229°) do + (32%y?) dy,
c

where C is the part of the curve z° — 52%y? — 72? = 0 from (3, —2)
to (3,2).

(3,
S 9 )

= VX -+ '&Q'Y
['b;gs)
S
—_ 3(5)5—% R (‘}(5.) "‘_'33

= {4y



15. (15 points) Find the area of the part of the surface z = 2xy — 1, that
lies in the cylinder 2% + 2 = 9.

N = <& LH, 1D = (a\/)’,)d\)\§

WA = (orrmiay

jS ds = f_f {utiunzi)! d A
S o

T3
jj Rﬁk"—r\ ’ dQ dB

S (HR A1) \ ds

T [
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16. (15 points) Let R be the square with vertices (1,1),(—1,1),(—1,—1)
and (1, —1) and C be the boundary curve of R oriented counterclock-

wise.
Evaluate the integral
E, Fa
j{(x—l—y-i-arcsinx) dr+(y—z+e”) dy
c

SRS 3:: _%\;’) da = SR_((—\—\) dn
- X S da = -2 (aeeEn) =CR NN 2)
R

= -8



FORMULA PAGE

sin?f + cos?6 =1
tan?6 4+ 1 = sec? 6
1+ cot?0 = csc? 6

1
sin(a + ) = sina cos f 4 cos asin 3 /secgzz:da: =3 [secz tanx + In | sec x + tan z|]+C

(

sin(a — ) = sina cos § — cos asin
(
(

)
cos(a + ) = cosacos § — sin asin 3
)

cos(a — ) = cosavcos f + sin asin 3
tan o + tan 8
tan(a 4+ p) =

( f) 1 —tanatan 8

. 9 1 —cos2x

sin“r = ——

2
9 1+ cos2x
COs" T = ————

sin 2z = 2sinx cos x
(sinz)" = cosx
(cosz) = —sinw
(tanz) = sec’ x

(secz) = secxtanx

(cscx) = —cscacotx
(cotx) = —csc’x
(ex)/ — ez

1
Inz) =~
(nay =
1
(arcsinz) = ——
V1—x?
1
tanz) =
(arctan x) e
1
(arcsecx) =

" Ve

et =T )
n

PERUEN (0

0= = [ faxs

/secxd:c =In|secx + tanz| + C

/cscxda: =lIn|cscx — cot x| + C

1+1=2



